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Abstract
In this paper, the Euler characteristic formula for projective logarithmic minimal degener-
ations of surfaces with Kodaira dimension zero over a 1-dimensional complex disk is proved
under a reasonable assumption and as its application, the singularity of logarithmic minimal
degenerations are determined in the abelian or hyperelliptic case. By globalizing this local anal-
ysis of singular fibres via generalized canonical bundle formulae due to Fujino-Mori, we bound
the number of singular fibres of abelian fibred Calabi-Yau threefolds from above, which was
previously done by Oguiso in the potentially good reduction case.
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1 Introduction
Based on the 2-dimensional minimal model theory, Kodaira classified the singular fibres of degenera-
tions of elliptic curves ( [35], Theorem 6.2 ). It is quite natural that many people have been interested
in the degenerations of surfaces with Kodaira dimension zero as a next problem. The first effort be-
gan by his student Iitaka and Ueno who studied the first kind degeneration ( i.e., degeneration with
the finite monodromy ) of abelian surfaces with a principal polarization ( [79] and [80] ) while in
that time, 3-dimensional minimal model theory had not been known. After Kulikov succeeded to
construct the minimal models of degenerations of algebraic K3 surfaces in the analytic category from
semistable degenerations and to classify their singular fibres ([38]), extension to the case of the other
surfaces with Kodaira dimension zero has been done ( see for example, [59], [48], [73] ). As for the
non-semistable case, there are works due to Crauder and Morrison who classified triple point free
degeneration ([9], [10]). 3-dimensional minimal model theory in the projective category was estab-
lished by Mori ( [50] ) but we can not start studying the degenerations from minimal models because
of their complexity while it has been known that log minimal models of degenerations of elliptic
curves behaves nicely (see [63], (8.9) Added in Proof.). After the establishment of 3-dimensional log
minimal model theory, we introduced the notion of a logarithmic minimal degeneration in [58] as
a good intermediate model to a minimal model which acts like a “quotient” of minimal semistable
degeneration by the transformation group induced from a semistable reduction. Of course, because
of the non-uniqueness of minimal models, the transformation group does not act holomorphically on
the total space in general.
Definition 1.1 Let f : X → B be a proper connected morphism from a normal Q-factorial variety
defined over the complex number field C (resp. a normal Q-factorial complex analytic space) X
onto a smooth projective curve (resp. a unit disk D := {z ∈ C; |z| < 1} ) B such that a general
fibre f ∗(p) (resp. any fibre f ∗(p) where p is not the origin) is a normal algebraic variety with only
terminal singularity. Let Σ be a set of points in B (resp. the origin 0) such that the fibre f ∗(p) is
not a normal algebraic variety with only terminal singularity. Put Θp := f
∗(p)red and Θ :=
∑
p∈ΣΘp.
(1) f : X → B is called a minimal fibration (resp. degeneration) if X has only terminal singularity
and KX is f -nef (i.e., The intersection number of KX and any complete curve contained in a
fibre of f is non-negative).
(2) f : X → B is called a logarithmic minimal (or abbreviated, log minimal) fibration (resp.
degeneration) if (X,Θ) is divisorially log terminal and KX +Θ is f -nef.
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(3) f : X → B is called a strictly logarithmic minimal (or abbreviated, strictly log minimal)
fibration (resp. degeneration) if (X,Θ) is log canonical with KX , Θ being both f -nef.
Remark 1.1 We note that any fibrations (resp. degenerations) of algebraic surfaces with Kodaira
dimension zero over a smooth projective curve (resp. 1-dimensional unit disk) B are birationally
(resp. bimeromorphically) equivalent over B to a projective log minimal fibration (resp. degenera-
tion) and also to a projective strictly log minimal fibration (resp. degeneration). In fact, firstly we
can take a birational (resp. bimeromorphic) model g : Y → B, where g is a relatively projective
connected morphism from a smooth variety (resp. complex analytic space) Y such that for any
singular fibre of g, its support has only simple normal crossing singularity with each component
smooth by the Hironaka’s theorem ([26]). Let Σ ⊂ B be a set of all the points such that g is not
smooth over p ∈ B (resp. the origin 0). By the existence theorem of log minimal models established
in [72], [31], Theorem 2, [37], Theorem 1.4, we can run the log minimal program with respect to
KY +
∑
p∈Σ g
∗(p)red starting from Y to get a log minimal model f : X → B which is a log minimal
fibration (resp. degenerations) in the sense of Definition 1.1. Here we note that by the Base Point
Free Theorem in [54], we infer that KX +Θ ∼Q f ∗D for some Q-divisor D on B. By applying the
log minimal program with respect to KX starting from X , we obtain a model f
s : Xs → B which
obviously turns out to be a strictly log minimal fibration (resp. degenerations).
Definition 1.2 Let G be a finite group and ρ : G → GL(3,C) be a faithful representation. Let
C3/(G, ρ) denote the quotient of C3 by the action of G defined by ρ. We assume that the quotient
map C3 → C3/(G, ρ) is e´tale in codimension one. A pair (X,D) which consists of a normal complex
analytic space X and a reduced divisor D on X is said to have singularity of type V1(G, ρ) (resp.
V2(G, ρ) ) at p ∈ X if there exists an analytic isomorphism ϕ : (X, p) → (C3/(G, ρ), 0) between
germs and a hypersurface H in C3 defined by the equation z = 0 (resp. xy = 0), where x, y and z
are semi-invariant coordinates of C3 at 0 such that D = ϕ∗(H/(G, ρ)). In particular, if G is cyclic
with a generator σ ∈ G and (ρ(σ)∗x, ρ(σ)∗y, ρ(σ)∗z) = (ζax, ζby, ζcz), where a, b, c ∈ Z and ζ is
a primitive r-th root of unity for some coordinate x, y and z of C3 at 0, we shall use the notation
V1(r; a, b, c) ( resp. V2(r; a, b, c) ) instead of V1(G, ρ) ( resp. V2(G, ρ) ).
Remark 1.2 We note that if (X,D) has singularity of type Vi(G, ρ) at p, the local fundamental
group at p of the singularity of X is isomorphic to G by its definition.
Let f : X → D be a log minimal degeneration and let Θ = ∑iΘi be the irreducible decomposition
and put ∆i := DiffΘi(Θ−Θi) for any i. For p ∈ X , let d(p) be the number of irreducible components
of Θ passing through p ∈ X . Then the followings hold.
(a) For any i, Θi is normal, ∆i is a standard boundary (see Definition 3.1) and (Θi,∆i) is log
terminal (see [72], Lemma 3.6, (3.2.3) and Corollary 3.10).
(b) d(p) ≤ 3.
(c) If d(p) = 2, (X,Θ) has singularity of type V2(r; a, b, 1) at p, where r ∈ N , a, b ∈ Z and
(r, a, b) = 1 (see [8], Theorem 16.15.2).
(d) If d(p) = 3, p ∈ Θ ⊂ X is analytically isomorphic to the germ of the origin 0 ∈ {(x, y, z); xyz =
0} ⊂ C3 (see [8], Theorem 16.15.1).
(e) For any i and p ∈ Θi \Supp ∆i, if Θi is smooth at p, then X is smooth at p (see [72], Corollary
3.7).
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One of the aims of this paper is to give the following Euler characteristic formula for log minimal
degenerations with KX +Θ being Cartier. We note here that the study of log minimal degenerations
of surfaces with Kodaira dimension zero reduces to this case by taking the log canonical cover with
respect to KX +Θ globally (see §6).
Theorem 1.1 Let f : X → D be a projective log minimal degeneration of surfaces with Kodaira
dimension zero such that KX + Θ is Cartier. Let f
∗(0) =
∑
imiΘi be the irreducible decomposition.
Then for t ∈ D∗ := D \ {0}, the following formula holds.
etop(Xt) =
∑
mi(eorb(Θi \∆i) +
∑
p∈Θi\∆i
δp(X,Θi)),
where Xt := f
∗(t), eorb(Θi\∆i) is the orbifold Euler number of Θi\∆i and δp(X,Θi) is the invariant
of the singularity of the pair (X,Θi) at p ∈ Θi\∆i which is well defined and can be calculated explicitly
as explained in the next section.
The above formula turns out to be quite useful for further study of degenerations. In fact, we
apply the following corollary to the study on non-semistable degenerations of abelian or hyperelliptic
surfaces.
Corollary 1.1 Let notation and assumptions be as in Theorem 1.1. Assume that etop(Xt) = 0 for
t ∈ D∗. Then, for any i, we have eorb(Θi \ ∆i) = 0 and for any p ∈ Θi \ ∆i, (X,Θ) has only
singularity of type V1(r; a,−a, 1) at p, where (r, a) = 1.
Based on the result of Corollary 1.1, we shall prove the following theorem.
Theorem 1.2 Let f : X → D be a projective log minimal degeneration of abelian or hyperelliptic
surfaces, not neccesarily assuming that KX +Θ is Cartier. Then the possible singularities of (X,Θ)
at p ∈ X are the following three types :
(0) X is smooth at p ∈ X and Θ has only normal crossing singularity at p,
(1) (X,Θ) has singularity of type V2(r; a, b, 1) at p, where r ∈N , a, b ∈ Z and (r, a, b) = 1.
(2) (X,Θ) has singularity of type V1(G, ρ) at p.
More precisely, if f is of type II, we have r = 2, 3, 4 or 6 in (1), and G ≃ Z/nZ or Z/2Z ⊕Z/nZ,
where n = 2, 3, 4 or 6 in (2). The dual graph of Θ is a linear chain or a cycle. Moreover, there
exists a projective bimeromorphic morphism ψ : X → Xs over D such that for the induced projective
degeneration f s : Xs → D, we have KXs ∼Q 0 and f s∗(0) = mΘs for some m ∈ N , where
Θs := ψ∗Θ. The possible types of singularity of (X
s,Θs) and the dual graph of the support of the
singular fibre are the same as ones of (X,Θ) ( but the components of the singular fiber may become
non-normal ). If f is of type III, we have r = 2 in (1), and (2) is reduced to the following three types.
(III-2.1) (X,Θ) has singularity of type V1(r; a,−a, 1) at p, where r = 2, 3, 4 or 6, a ∈ Z and
(r, a) = 1,
(III-2.2) (X,Θ) has singularity of type V1(2; 1, 0, 1) at p,
(III-2.3) (X,Θ) has singularity of type V1(G, ρ) at p, where G ≃ Z/2Z ⊕Z/2Z and letting {σ, τ}
denote a set of generators,
ρ(σ) =

 −1 0 00 −1 0
0 0 −1

 , ρ(τ) =

 0 1 01 0 0
0 0 −1

 .
In particular, if f is of type III, then X has only canonical quotient singularity.
4
For the definition of types I, II and III, see Definition 5.2.
Problem 1.1 Let f : X → D a projective log minimal degeneration of abelian or hyperelliptic
surfaces of type III. Applying the log minimal program to f with respect to KX , we see that there
exists a projective bimeromorphic map ψ : X− → Xs over D such that for the induced projective
degeneration f s : Xs → D, we have KXs ∼Q 0 and f s∗(0) = mΘs for somem ∈N , where Θs := ψ∗Θ
and that Xs has only canonical singularity but the possible types of singularity of (Xs,Θs) may differ
from the ones of (X,Θ). So determination of the types of singularity of (Xs,Θs) remains to be done.
Refining a canonical bundle formula in [17] by the Log Minimal Model Program, we obtain the
following theorem as an application of Theorem 1.2. [17].
Theorem 1.3 (Theorem 8.1) The number of singular fibres of abelian fibred Calabi Yau threefolds
over a smooth rational curves are bounded from above not depending on relative polarizations.
Remark 1.3 (1) The number of singular fibres and the bounding problem of Euler numbers are
closely related to each other. [27] asserts the boundedness of Euler numbers of fibred Calabi-Yau
threefolds, but unfortunately, [27] contains a several crucial gaps. In fact, one of the aims of this pa-
per is to remedy the results in [27]. For example, the crucial Lemma 4 in [27] has a counter-example
as follows. Let f : X → D be a projective connected morphism from a complex manifold X onto a
1-dimensional complex disk D. Assume that f◦ := f |f−1(D∗) is a smooth family of abelian varieties,
where D∗ := D\{0}. Assume moreover f does not admit any sections. According to [81], there exists
a projective morphism f b : Xb → D from a complex manifold Xb onto D such that f b◦ := f b|fb−1(D∗)
is a basic polarized bundle associated with f◦, that is, the pairs of period maps and the monodromies
associated with f◦ and f
b
◦ are equivalent. But f and f
b are not bimeromorphically equivalent because
f b admits a section while f does not. By the same reason, the assertion in §3, Step 1 in [27] saying
that π′ : X ′ → Y ′ is birational to the pull back of g′ : FΓ′ → Γ′ \ D∧ is incorrect.
(2) Moreover, fixing the degrees of direct image sheaves of relative dualizing sheaves as in [27]
gives no condition on the number of singular fibres. For example, for any given integer g, there exists
a elliptic surface fg : Xg → B over a projective line B such that deg fg∗O(KXg/B) = 0 and fg has
2g+2 singular fibres. These can be constructed by taking quotients of products of elliptic curves and
hyperelliptic curves by involutions which are products of translations by torsion point of order two
and canonical involutions of hyperelliptic curves. These are not the counter-example of boundedness
of Euler numbers of fibred Calabi-Yau threefolds, but at least one has to care about the number of
singular fibres which contribute to the Euler numbers. It seems that there is no argument like that
in [27].
(3) As for independence of boudedness on the relative polarizations, [27] seems to be using the
fact that abelian varieties defined over an algebraically closed field are isogeneous to a principally
polarized abelian varieties. The problem is to bound the degree of the neccesay base change but the
argument [27], pp.150, Corollary does not seem to be successful (It seems that pΓ in the proof is just
the isomorphism). Instead, we used the Zarhin’s trick in our argument.
In §2, we define the invariant δp, and prove Riemann-Roch formula for divisors on singular 3-fold
under some assumptions ( Proposition 2.3 ) to prove Theorem 1.1 and Corollary 1.1. In §3, we
classify type II and III log surfaces ( for the definition, see Definition 3.4 ) under certain typical
assumption which are supposed to appear canonically as the components of the singular fibres of
the degeneration of surfaces with Kodaira dimension zero. In §4, we give a theory to calculate
local fundamental groups seeing differents, which will be used to determine the singularity of the
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total spaces from the information of log surfaces obtained in the previous section. In §6, we prove
Theorem 1.2 by using the results in the previous sections. In §5, §7.1 and §7.2, we give a systematic
treatment of degenerations or fibrations of surfaces with Kodaira dimension zero including Kodaira-
Mori’s canonical bundle formulae and in §7.3, we shall argue about the abelian case.
Notation and Conventions
Let X be a normal variety defined over an algebraically closed field k (if the characteristic of k
is not zero, we assume the existence of a embedded resolution). An elements of Weil X ⊗ Q is
called a Q-divisor. Q-divisor D has the unique irreducible decomposition D =
∑
Γ(multΓD)Γ, where
multΓD ∈ Q and the summation is taken over all the prime divisors Γ on X . Q-divisor ∆ is called
a Q-boundary if multΓ∆ ∈ [0, 1] ∩Q for any prime divisor Γ. Q-divisor D is said to be Q-Cartier if
rD ∈ Div X for some r ∈ Q. X is said to be Q-Gorenstein if a canonical divisor KX is Q-Cartier.
X is said to be Q-factorial if any Weil divisor on X is Q-Cartier. A pair (X,∆) which consists of a
normal variety X and Q-boundary ∆ on X is called a normal log variety. For a normal log variety
(X,∆), a resolution µ : Y → X is called a log resolution of (X,∆) if each component of the support
of µ−1∗ ∆+
∑
i∈I Ei are smooth and cross normally, where {Ei}i∈I is a set of all the exceptional divisors
of µ. Assume that KX +∆ is Q-Cartier. The log discrepancy al(Ei;X,∆) ∈ Q of Ei with respect to
(X,∆) is defined by
al(Ei;X,∆) := multEi(KY + µ
−1
∗ ∆+
∑
i∈I
Ei − µ∗(KX +∆)) ∈ Q
and the discrepancy a(Ei;X,∆) ∈ Q is defined by a(Ei;X,∆) := al(Ei;X,∆) + 1. The closure of
µ(Ei) ⊂ X is called a center of Ei at X which is denoted by CenterX(Ei). The above definitions of
discrepancies, a log discrepancies and centers are known to be well-defined and depend only on the
rank one discrete valuation of the function field ofX associated with Ei’s. Ei’s are called a exceptional
divisors of the function field of X and it has its meaning saying discrepancies, a log discrepancies and
centers of exceptional divisors of the function field of X . A normal log variety (X,∆) is said to be
terminal (resp. canonical, resp. purely log terminal) if a(Ei;X,∆) > 0 (resp. a(Ei;X,∆) ≥ 0, resp.
al(Ei;X,∆) > 0) for any log resolution µ and any i ∈ I. For some log resolution µ, if al(Ei;X,∆) > 0
for any i ∈ I, (X,∆) is said to be log terminal, moreover if the exceptional loci of µ is purely one
codimensional, (X,∆) is said to be divisorially log terminal. We shall say that X has only terminal
(resp. canonical, resp. log terminal) singularity if (X, 0) is terminal (resp. canonical, resp. log
terminal) as usual (see [37] or [72] and see also [29], §1 for the treatment in the complex analytic
case ).
In this paper, we shall use the following notation:
ν : Xν → X : The normalization of a scheme X .
DiffΓν(∆) : Q-divisor which is called Shokurov’s different satisfying
ν∗(KX + Γ +∆) = KΓν +DiffΓν (∆),
where Γ is a reduced divisor on a normal variety X and Γ + ∆ is a Q-boundary on X such
that KX + Γ +∆ is Q-Cartier. (see [72], §3, [8], §16).
∆Y : Q-divisor on Y satisfying KY +∆
Y = f ∗(KX+∆), where f : Y → X is a birational morphism
between normal varieties and ∆ is a Q-boundary on X such that KX +∆ is Q-Cartier.
indp(D) : The smallest positive integer r such that rD is Cartier on the germ of X at p, where D
is a Q-Cartier Q-divisor on a normal variety or a normal complex analytic space X .
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Ind(D) : The smallest positive integer r such that rD ∼ 0, where D is a Q-Cartier Q-divisor on
a normal variety X such that D ∼Q 0.
Excf : Exceptional loci of a birational morphism f : X → Y between varieties X and Y , that is,
loci of points in X in a neighbourhood of which f is not isomorphic.
∼ : Linear equivalence.
∼Q : Q-linear equivalence.
⌈∆⌉ : Round up of a Q-divisor ∆.
⌊∆⌋ : Round down of a Q-divisor ∆.
{∆} : Fractional part of the boundary ∆.
etop : Topological Euler characteristic.
ρ(X/Y ) : Relative Picard number of a normal Q-factorial variety X over a variety Y .
Σd : Hirzebruch surface of degree d.
Card S : Cardinality of a set S.
For a normal complete surface S with at worst Du Val singularities, we shall write
Sing S =
∑
T
ν(T )T ,
where ν(T ) denotes the number of singular points on S of type T . For a quasi projective complex
surface S with only quotient singularity, recall that the orbifold euler number eorb(S) ∈ Q of S is
defined by
eorb(S) := etop(S)−
∑
p∈S
(1− 1
CardπS,p
),
where πS,p denotes the local fundamental group of S at p ∈ S (see [30], page 233 or [41], Definition
10.7).
Acknowledgment. The author would like to express his deep gratitude to his thesis advisor, Prof.
Yujiro Kawamata by whom he has been greatly influenced, to Prof. Shigefumi Mori for calling his
attention to the importance of the calculation of the Euler characteristic of the structure shaves of
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Fujino for showing him the expanded version, to Prof. Masayoshi Miyanishi for pointing out to him
that the existence of the case (1) in Proposition 3.6 is known, to Prof. Akira Fujiki for providing
Lemma 3.9 and helping him to work on the analytic spaces, to Prof. R.V.Gurjar for letting him
know the existence of [11], to Prof. Makoto Namba for kindly showing him the beautiful book [55],
which enabled him to improve the first draft of this paper and to Profs. Keiji Oguiso and Yoshinori
Namikawa for stimulating discussions.
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2 The Euler characteristic formula
Firstly, let us recall the following result due to Crauder and Morrison.
Proposition 2.1 ([9], Proposition (A.1)) Let X be a smooth 3-fold and let D be a complete
effective divisor on X whose support has only simple normal crossing singularities. Then the following
holds.
χ(OD) =
∑
i
miχ(ODi) +
1
6
(D3 −∑
i
miD
3
i ) +
1
4
(D2 −∑
i
miD
2
i )KX ,
where D =
∑
imiDi is the irreducible decomposition.
Let (X, p) be a germ of 3-dimensional terminal singularity at p whose index r is equal to or greater
than 2. Take a Du Val element S ∈ |−KX | passing through p, where we say that S ∈ |−KX | is a Du
Val element, if S is a reduced normal Q-Cartier divisor on X passing through p such that S has a Du
Val singularity at p. The canonical cover π : X˜ → X with respect to KX induces a covering of Du
Val singularities π : S˜ := π−1(S)→ S. There is a coordinate system x, y and z of C3 which are semi-
invariant under the action of the Galois group Gal (S˜/S) such that p˜ := π−1(p) ∈ S˜ is analytically
isomorphic to the germ of the origin of the hypersurface defined by a equation f(x, y, z) = 0. Let
σ be a generator of Gal (S˜/S) and let ζ be a primitive r-th root of unity. The actions of σ are
completely classified into the following 6 types (see [64]).
(1) p˜ ∈ S˜ is of type An−1 and p ∈ S is of type Arn−1 (n ≥ 1). f = xy + zn,σ∗x = ζax, σ∗y = ζ−ay
and σ∗z = z, where (r, a) = 1.
(2) p˜ ∈ S˜ is of type A2n−2 and p ∈ S is of type D2n+1 (n ≥ 2). r = 4, f = x2+y2+z2n−1, σ∗x = ζx,
σ∗y = ζ3y and σ∗z = ζ2z.
(3) p˜ ∈ S˜ is of type A2n−1 and p ∈ S is of type Dn+2 (n ≥ 2). r = 2, f = x2 + y2 + z2n, σ∗x = x,
σ∗y = −y and σ∗z = −z.
(4) p˜ ∈ S˜ is of type D4 and p ∈ S is of type E6. r = 3, f = x2 + y3 + z3, σ∗x = x, σ∗y = ζy and
σ∗z = ζ2z.
(5) p˜ ∈ S˜ is of type Dn+1 and p ∈ S is of type D2n. r = 2, f = x2 + y2z + zn, σ∗x = −x, σ∗y = −y
and σ∗z = z.
(6) p˜ ∈ S˜ is of type E6 and p ∈ S is of type E7. r = 2, f = x2 + y3 + z4, σ∗x = −x, σ∗y = y and
σ∗z = −z.
Definition 2.1 For p ∈ S ⊂ X as above, we define the rational number cp(X,S) ∈ Q as follows:
cp(X,S) :=


0 Case p ∈ X Gorenstein,
n{r − (1/r)} Case (1),
3(2n+ 3)/4 Case (2),
3 Case (3),
16/3 Case (4),
3n/2 Case (5),
9/2 Case (6).
Definition 2.2 Let p ∈ S ⊂ X be as above. we define the rational number δp(X,S) ∈ Q as follows:
δp(X,S) := ep(S)− 1
op(S)
− cp(X,S) ∈ Q,
where ep(S) is the Euler number of the inverse image of p by the morphism induced by the minimal
resolution and op(S) is the order of the local fundamental group of S at p.
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If the index of X at p is equal to or greater than 2, we obtain the following table.
Table I
ep(S) op(S) cp(X,S) δp(X,S)
(1) rn rn n{r − (1/r)} (n2 − 1)/rn
(2) 2n + 2 8n− 4 3(2n+ 3)/4 n(n− 1)/(2n− 1)
(3) n + 3 4n 3 (4n2 − 1)/4n
(4) 7 24 16/3 13/8
(5) 2n + 1 8(n− 1) 3n/2 (4n2 + 4n− 9)/8(n− 1)
(6) 8 48 9/2 167/48
Proposition 2.2 δp(X,S) ≥ 0. δp(X,S) = 0 if and only if (X,S) has only singularity of type
V1(r; a,−a, 1) at p, where (r, a) = 1.
Proof. If p ∈ X is Gorenstein, it is easy to see that δp(X,S) = ep(S) − 1/op(S) ≥ 0 and that
δp(X,S) = 0 if and only if X and S is smooth at p. Assume that the index of p ∈ X is equal to or
greater than 2. If we have δp(X,S) = 0, we infer that p˜ ∈ S˜ is smooth (hence p˜ ∈ X˜) from Table I.
Thus we get the assertion.
We give a proof of the following Reid’s Riemann-Roch formula, which seems to be more clear
than the one in [64], (9.2) to see the last statement in the theorem which is a crucial point for our
subsequent argument.
Theorem 2.1 ([64], Theorem 9.1 (I)) Let X be a projective surface with at worst Du Val singu-
larities and let D be a Weil divisor on X. Then
χ(OX(D)) = χ(OX) + 1
2
D(D −KX) +
∑
p∈X
cp(D),
where cp(D) is the rational number which depends only on the local analytic type of p ∈ X and
OX(D).
Proof. Let µ : Y → X be the minimal resolution of X . Put Γ := ⌈µ∗D⌉ − ⌊µ∗D⌋. Then there
exists the following exact sequence:
0→ OY (⌊µ∗D⌋)→ OY (⌈µ∗D⌉)→ OΓ(⌈µ∗D⌉)→ 0.
Since we have µ∗OY (⌊µ∗D⌋) ≃ OY (D) by [66], Theorem 2.1 and Riµ∗OY (⌈µ∗D⌉) = 0 for i > 0 by
[66], Theorem 2.2, we obtain the following exact sequence:
0→ OX(D)→ µ∗OY (⌈µ∗D⌉)→ µ∗OΓ(⌈µ∗D⌉)→ R1µ∗OY (⌊µ∗D⌋)→ 0
to get
χ(OX(D)) = χ(µ∗OY (⌈µ∗D⌉))
−length Ker{µ∗OΓ(⌈µ∗D⌉)→ R1µ∗OY (⌊µ∗D⌋)}.
Put ∆ := ⌈µ∗D⌉ − µ∗D. Then χ(µ∗OY (⌈µ∗D⌉)) can be written as follows:
χ(µ∗OY (⌈µ∗D⌉)) = χ(OY (⌈µ∗D⌉))
= χ(OY ) + 1
2
⌈µ∗D⌉(⌈µ∗D⌉ −KY )
= χ(OX) + 1
2
(µ∗D +∆)(µ∗D +∆− µ∗KX)
= χ(OX) + 1
2
(D2 −DKX) + 1
2
∆2.
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Putting cp(D) := (1/2)(∆|µ−1(p))2 − length T (D)p, where
T (D) := Ker{µ∗OΓ(⌈µ∗D⌉)→ R1µ∗OY (⌊µ∗D⌋)},
we get
χ(OX(D)) = χ(OX) + 1
2
D(D −KX) +
∑
p∈X
cp(D).
As for the last assertion, for any two Weil divisors D1 and D2 such that D1−D2 is Cartier at p ∈ X ,
since ∆ for D = D1 and D = D2 is the same and we have T (D1)p = T (D2)p ⊗OX,p OX(D1 −D2)p,
we infer that cp(D1) = cp(D2). Thus we get the assertion.
Lemma 2.1 Let X be a germ of reduced irreducible normal Q-Gorenstein analytic spaces and D be a
non zero Q-boundary on X. Assume that (X,D) is canonical and that the center on X of any divisor
Ej with discrepancy zero is contained in the support of D, then X has only terminal singularities.
Proof. Let µ : Y → X be a Hironaka resolution of X and write KY = µ∗KX +∑j∈J ajEj and
µ∗D = µ−1∗ D+
∑
j∈J νjEj , where {Ej|j ∈ J} is the set of all the µ-exceptional divisors and aj , νj are
non-negative rational numbers for any j ∈ J . By the assumption, we have aj ≥ νj for any j ∈ J . By
the choice of our resolution, νj = 0 implies that Ej is obtained by blowing up the center which is not
contained in the support of the weak transform of some multiple of D. Thus we get the assertion.
Proposition 2.3 Let X be a normal Q-Gorenstein 3-fold and D be an effective complete Cartier
divisor on X such that the log 3-fold (X,Dred) is divisorially log terminal and that X is smooth
outside the support of D. Assume that KX +Dred is Cartier and each irreducible component of D is
algebraic and Q-Cartier. Then the following formula holds :
χ(OD) =
∑
i
miχ(ODi) +
1
6
(D3 −∑
i
miD
3
i ) +
1
4
(D2 −∑
i
miD
2
i )KX
− 1
12
∑
i
mi
∑
p∈Doi
cp(X,Di),
where D =
∑
imiDi is the irreducible decomposition and D
o
i := Di \ ∪j 6=iDj.
Proof. We calculate the contribution of singularities to the formula in Proposition 2.1 using Reid’s
Riemann-Roch for surfaces with Du Val singularities and examining the original proof of Proposi-
tion 2.1. By the assumptions, we infer that if X is not smooth or X is smooth but Dred is not
a normal crossing divisor at p ∈ X , then p ∈ Doi for some i, X has only terminal singularity by
Lemma 2.1 and Di has at worst Du Val singularity at p ∈ Di ⊂ X since (X,Di) is canonical for any
i. We note that if a singularity p ∈ X is Gorenstein then this singularity does not contribute to the
Riemann-Roch. Assume that p ∈ Doi for some i and that r := ind pKX ≥ 2. Take the canonical
cover π : X˜ → X locally at p (here we used the same notation X for an open neighbourhood of
p ∈ X). Putting p˜ := π−1(p) and D˜i := π−1(Di), let ϑi ∈ OX˜ be a defining equation of D˜i and let σ
be the generator of the covering action. For any l ∈ N, there is the following exact sequence locally
at p˜ which is compatible with the action of σ.
0→ ϑliOD˜i → O(l+1)D˜i → OlD˜i → 0.
Since H1(< σ >, ϑliOD˜i) = 0, taking the invariant part of the above exact sequence, we obtain the
following exact sequence locally at p:
0→ (ϑliOD˜i)<σ> → O(l+1)Di → OlDi → 0,
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where (ϑliOD˜i)<σ> is the σ-invariant part of ϑliOD˜i . We note that in fact, (ϑliOD˜i)<σ> is a restriction
of the divisorial sheaf Fl := Ker {O(l+1)Di → OlDi} on Di. Define a ∈ N so that σ∗ϑi = ζ−aϑi
where ζ is a primitive r-th root of unity and note that (a, r) = 1 since KX + Dred is Cartier.
we note that for any ϕ ∈ OD˜i , ϑliϕ ∈ ϑliOD˜i is σ-invariant if and only if σ∗ϕ = ζalϕ, so we have
Fl ≃ {ϕ ∈ π∗OD˜i ; σ∗ϕ = ζalϕ} locally at p ∈ Doi . Assuming that p˜ ∈ D˜i is smooth (the case (1),
n = 1) for simplicity, we calculate the summation of the contribution to the Riemann-Roch for Fl
(1 ≤ l ≤ mi − 1), that is, ∑mi−1l=1 cp(Fl) as follows. Note that there exists a natural number di ∈ N
such that mi = rdi since miDi is Cartier at p.
mi−1∑
l=1
cp(Fl) =
mi−1∑
l=1
−al(r − al)
2r
= −di
r−1∑
l=1
al(r − al)
2r
= −di
r−1∑
l=1
l(r − l)
2r
= −mi r
2 − 1
12r
,
where al ∈ Z is the unique integer such that al ≡ al (mod r) and 0 ≤ al ≤ r − 1. The other cases
can be treated similarly using the Q-smoothing method as explained in [64].
Proof of Theorem 1.1. Since f is flat, we have χ(OXt) = χ(OX0) for t ∈ D∗, where X0 := f ∗(0).
Using Proposition 2.3 and the assumption that KX +Θ ∼Q 0, we obtain
etop(Xt) = 12χ(OXt)
=
∑
i
mi(12χ(OΘi)− 2Θ3i + 3
∑
j
Θ2iΘj −
∑
p∈Θi\∆i
cp(X,Θi)). (2.1)
On the other hand, since for any i, ∆i is either 0, disjoint union of smooth elliptic curves or a cycle
of rational curves ( see Lemma 3.4 ), we have
K2Θi + etop(∆i) = ∆
2
i + etop(∆i) =
∑
j 6=i
ΘiΘ
2
j + 3
∑
j,k 6=iandj<k
ΘiΘjΘk
=
∑
j 6=i
ΘiΘ
2
j +
3
2
∑
i 6=j,kandj 6=k
ΘiΘjΘk
= 2Θ3i −
1
2
∑
j
ΘiΘ
2
j − 3
∑
j
Θ2iΘj +
3
2
∑
j,k
ΘiΘjΘk.
Therefore, we have ∑
i
mi(K
2
Θi
+ etop(∆i)) =
∑
i
mi(2Θ
3
i − 3
∑
j
Θ2iΘj), (2.2)
since
∑
imiΘi ∼ 0. From (2.1) and (2.2), we obtain
etop(Xt) =
∑
i
mi(12χ(OΘi)−K2Θi − etop(∆i)−
∑
p∈Θi\∆i
cp(X,Θi)).
For any i, let Θ′i → Θi be the minimal resolution of the singularities of Θi. Since we have
etop(Θ
′
i) = etop(Θi) +
∑
p∈Θi
(ep(Θi)− 1)
and Θi has only Du Val singularities, we have
etop(Θi) = 12χ(OΘi)−K2Θi −
∑
p∈Θi
(ep(Θi)− 1)
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by Noether’s equality. Thus we obtain
etop(Xt) =
∑
i
mi{etop(Θi \∆i) +
∑
p∈Θi\∆i
(ep(Θi)− 1− cp(X,Θi))}
=
∑
mi(eorb(Θi \∆i) +
∑
p∈Θi\∆i
δp(X,Θi)).
Proof of Corollary 1.1. Since we have eorb(Θi \ ∆i) ≥ 0 for any i by Miyaoka’s inequality (see
[46], Theorem 1.1 or [41], Theorem 10.14), we obtain the assertion from Proposition 2.2.
3 Structures of log surfaces with a standard boundary whose
log canonical divisors are numerically trivial
3.1 S-extractions and S-elementary transformations
Definition 3.1 ([74]) A normal log variety (X,∆) defined over an algebraically closed field k is
said to be a log variety with a standard boundary, if multΓ∆ ∈ S := {(b − 1)/b|b ∈ N ∪ {∞}} for
any prime divisor Γ.
Definition 3.2 Let (S,Γ+∆) be a normal log surface with a Q-boundary Γ+∆, where Γ is a prime
divisor on S. For a point p ∈ Γ, we define a rational number mp(Γν ; ∆) ∈ Q as follows.
mp(Γ
ν ; ∆) := multpDiffΓν (∆).
Let (S,∆) be a normal log surface with a standard boundary defined over an algebraically closed
field k. Assume that (S,∆) is log canonical and ⌊∆⌋ 6= 0. Take p ∈ ⌊∆⌋ and let Γ be an irreducible
component of the germ of ⌊∆⌋ passing through p. Then mp(Γ;∆− Γ) can be written as follows:
mp(Γ;∆− Γ) = n− 1
n
+
∞∑
b=2
b− 1
b
kb
n
,
where n ∈N and kb is a non-negative integer for all b and kb = 0 except for finite number of b. We
note that this is well known in the case of characteristic 0 but in fact this is just a conclusion of the
intersection theory, so we don’t have to worry about the characteristic of k about this matter. Since
(S,∆) is log canonical, we have
n− 1
n
+
∞∑
b=2
b− 1
b
kb
n
≤ 1.
Noting that (b− 1)/b ≥ 1/2, we get ∑∞b=2 kb ≤ 2. Therefore, one of the following three cases (1), (2)
and (3) occurs.
(1) kb = 0 for all b,
(2) There exists b′ such that kb′ = 1 and kb = 0 if b 6= b′,
(3) k2 = 2 and kb = 0 if b 6= 2.
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So we have
mp(Γ;∆− Γ) =


(n− 1)/n Case (1),
(bn− 1)/bn Case (2),
1 Case (3).
Let ρ : T → S be a birational morphism from a normal surface T which is the blow up of p if S is
smooth at p or is obtained from the minimal resolution of p ∈ S by contracting all the exceptional
divisors that do not intersect the strict transform of Γ if S is singular at p. We call this ρ an
S-extraction.
Lemma 3.1 (T,∆T ) is a log surface with a standard boundary.
Proof. Let E be the exceptional prime divisor for ρ. We only have to show m := multE∆
T ∈ S. By
definitions, we have
KΓ′ + (∆
′ − Γ′)|Γ′ +mE|Γ′ = ρ∗(KΓ +DiffΓ(∆− Γ)),
where ∆′ and Γ′ are the strict transform of ∆ and Γ respectively, hence
(∆′ − Γ′,Γ′)p′ +m = mp(Γ;∆− Γ),
where p′ := ρ−1(p) ∩ Γ′ and (∆′ − Γ′,Γ′)p′ denotes the local intersection number of ∆′ − Γ′ and Γ′ at
p′. If we are in the cases (1) or (2), we see that (∆′ − Γ′,Γ′)p′ = 0, hence m = mp(Γ;∆ − Γ) ∈ S.
Assume that we are in the case (3). Since (∆′−Γ′,Γ′)p′ ∈ (1/2)Z, m ≥ 0 and m = 1− (∆′−Γ′,Γ′)p′,
we have m = 0, 1/2 or 1. Thus we get the assertion.
Assume that there exists a proper surjective connected k-morphism ϕ : S → B to a smooth
curve B defined over k such that ρ(S/B) = 1 and that the support of ⌊∆⌋ is not entirely contained
in a fibre of ϕ and that KS + ∆ is relatively numerically trivial over B. Let ρˆ : T → Sˆ be a
birational morphism to a normal surface Sˆ obtained by contracting the other component of the fibre
of ϕ ◦ ρ which contains E and put ∆ˆ := ρˆ∗∆T . Then (Sˆ, ∆ˆ) with the induced morphism ϕˆ : Sˆ → B
satisfies the same conditions as (S,∆) and ϕ : S → B. We call this transformation a S-elementary
transformation.
Definition 3.3 For t ∈ B, we define the Q-boundaries ∆+ϕ (t) and ∆−ϕ (t) on S as follows.
∆+ϕ (t) := ∆ + (1−multCϕ(t)∆)Cϕ(t),
∆−ϕ (t) := ∆− (multCϕ(t)∆)Cϕ(t),
where Cϕ(t) := ϕ
∗(t)red.
Lemma 3.2 Assume that (S,∆+ϕ (t)) is not log canonical over t ∈ B. Then one of the followings (a)
or (b) holds.
(a) ϕ is smooth over t ∈ B and ∆−ϕ (t) = ⌊∆−ϕ (t)⌋. ∆−ϕ (t) is smooth in the neighbourhood of Cϕ(t)
and ∆−ϕ (t) · Cϕ(t) = 2p, where ∆−ϕ (t) · Cϕ(t) denotes the intersection cycle.
(b) There exists a sequence of S-elementary transformations over t ∈ B such that for the resulting
log surface (Sˆ, ∆ˆ), (Sˆ,∆+(ϕˆ; t)) is log canonical in the neighbourhood of the fibre over t ∈ B.
Proof. Assume that (S,∆+ϕ (t)) is not log canonical at p0 ∈ Cϕ(t). From∑
p∈Cϕ(t)
mp(Cϕ(t);∆
−
ϕ (t)) = 2 and mp0(Cϕ(t);∆
−
ϕ (t)) > 1,
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we deduce that mp(Cϕ(t);∆
−
ϕ (t)) < 1 for any p 6= p0, that is, (S,∆+ϕ (t)) is purely log terminal at
p ∈ Cϕ(t) if p 6= p0. In particular, we see that ⌊∆−ϕ (t)⌋ ∩ Cϕ(t) = {p0}. Let ρ : T → S be the
S-extraction at p0 and let E be the exceptional divisor for ρ. Put ψ := ϕ ◦ ρ. Then we have
2 = (∆−ϕ (t), ψ
∗(t)) ≥ (∆−ϕ (t)′, Cϕ(t)′) + (∆−ϕ (t)′, E) ≥ (∆′−, Cϕ(t)′) + 1,
where ∆′− and Cϕ(t)
′ are the strict transforms of ∆−ϕ (t) and Cϕ(t) respectively. Let p
′
0 ∈ T be
as in the proof of Lemma 3.1. Suppose that p′0 ∈ Cϕ(t)′. Since (∆−ϕ (t)′, Cϕ(t)′)p′0 ≥ 1, we have
(∆−ϕ (t)
′, Cϕ(t)
′) = (∆−ϕ (t)
′, E) = 1 and ψ∗(t) = Cϕ(t)
′ + E. Noting that Cϕ(t)
′ ∩ E = {p′0} and T is
smooth at p′0, we see that T is smooth in the neighbourhood of the fibre over t ∈ B and that Cϕ(t)′
and E are (−1)-curves with (Cϕ(t)′, E) = 1, hence we are in the case (a). In the case that p′0 /∈ Cϕ(t)′,
by a S-elementary transformation, we may assume that S is smooth at p0 and (Cϕ(t), ⌊∆−ϕ (t)⌋)p0 = 1
at first. Moreover we may assume that (⌊∆−ϕ (t)⌋, {∆−ϕ (t)})p0 = 0 after operating S-elementary
transformations. Thus we are in the case (b).
Lemma 3.3 Assume that (S,∆+ϕ (t)) is log canonical over t ∈ B. Then one of the followings (I) or
(II) holds.
(I) deg⌊DiffCϕ(t)(∆−ϕ (t))⌋ = 1, then the dual graph of Supp µ∗ϕ∗(t) ∪ Supp µ−1∗ ∆−ϕ (t) is one of the
three types (I-1)b, (I-2)b or (I-3)b as below, where µ : M → S is the minimal resolution of the
singularities of S over t ∈ B.
(I-1)bt
1
t (0; (b− 1)/b)✓✓
✓✓
❙
❙
❙❙
t 1/2
t 1/2
(I-2)bt
1
t (−1; (b− 1)/b)✓✓
✓✓
❙
❙
❙❙
❞ (−2; (b− 1)/2b)
❞ (−2; (b− 1)/2b)
(I-3)bt1 ❞
(−2; (2b− 1)/2b)
t (−1; (b− 1)/b)✓✓
✓
✓
❙
❙
❙
❙
t 1/2
❞ (−2; (b− 1)/2b)
(II) If deg⌊DiffCϕ(t)(∆−ϕ (t))⌋ = 2, then there exists a S-elementary transformation such that for
the resulting log surface (Sˆ, ∆ˆ), the dual graph of Supp µˆ∗ϕˆ∗(t) ∪ Supp µˆ−1∗ ∆ˆ−ϕ (t) is one of the
three types (II-1)b, (II-2)b or (II-3)b,k (k ≥ 1) as below, where µˆ : Mˆ → Sˆ is the minimal
resolution of the singularities of Sˆ over t ∈ B.
(II-1)bt
1
t
(0; (b− 1)/b)
t 1
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(II-2)bt
1
t
(0; (b− 1)/b)
t1/2
(II-3)b,kt1 t
(−1; (b− 1)/b)
❞(−2; (b− 1)/b)♣ ♣︸ ︷︷ ︸
k times
♣ ❞ (−2; (b− 1)/b)✓✓
✓✓
❙
❙
❙❙
❞ (−2; (b− 1)/2b)
❞ (−2; (b− 1)/2b)
In the above dual graphs, • denotes a germ of curves or a smooth rational curve which is not
µ-, (resp., µˆ )-exceptional and ◦ denotes a µ-, (resp., µˆ )-exceptional curve. The numbers attached
on • are the multiplicities in ∆M , (resp., ∆ˆMˆ ). (∗; ∗) denotes ( the self-intersection number; the
multiplicities in ∆M , (resp., ∆ˆMˆ ) ). b is a natural number or ∞ such that multCϕ(t)∆, (resp.,
multCϕˆ(t)∆ˆ ) = (b− 1)/b.
Proof. Since we have
∑
p∈Cϕ(t)mp(Cϕ(t);∆
−
ϕ (t)) = 2, we have deg⌊DiffCϕ(t)(∆−ϕ (t))⌋ = 1 or 2. Firstly
assume that deg⌊DiffCϕ(t)(∆−ϕ (t))⌋ = 1. Since we have mp(Cϕ(t);∆−ϕ (t)) ∈ S for any p ∈ Cϕ(t), there
exists three points p1, p2 and p3 ∈ Cϕ(t) such that
mp(Cϕ(t);∆
−
ϕ (t)) =


1 if p = p0,
1/2 if p = p1 or p2,
0 otherwise
and one of the following three case occurs. (1-1) S is smooth at p1 and p2, (1-2) S has Du val
singularities of type A1 at p1 and p2 or (1-3) S is smooth at p1 and has a Du val singularity of type
A1 at p2. Assume that S is not smooth at p0 and let µ : M → S be the minimal resolution of
{pi|i = 0, 1, 2}. Write µ∗Cϕ(t) = µ−1∗ Cϕ(t) +
∑s
i=1(1/2)Ei +
∑n
j=1 ljFj, where lj > 0 for any j and
{Ei|1 ≤ i ≤ s}, {Fj|1 ≤ j ≤ n} are µ-exceptional divisors over pi (i = 1, 2) and p0 respectively. Say
(F1, µ
−1
∗ Cϕ(t)) = 1, then we have
0 = (µ∗Cϕ(t), µ
−1
∗ Cϕ(t)) = (µ
−1
∗ Cϕ(t))
2 + (1/2)s+ l1
and l1 + (1/2)s = 1, since (µ
−1
∗ Cϕ(t))
2 = −1. We know that 0 < l1 < 1, so we see that S must
be smooth at p0 in the cases (1-1) or (1-2) and that we are in the cases (I-1) or (I-2) respectively.
Assume that we are in the case (1-3). Let ρ : T → S be the S-extraction at p0 and F¯1 be the
ρ-exceptional divisor. Since we have ρ∗Cϕ(t) := ρ
−1
∗ Cϕ(t) + (1/2)F¯1, we see that F¯
2
1 = −2 and that
T is smooth in the neighbourhood of F¯1, hence we are in the case (I-3). Secondarily, assume that
deg⌊DiffCϕ(t)(∆−ϕ (t))⌋ = 2. Take two points p0 and p1 ∈ Cϕ(t) such that
mp(Cϕ(t);∆
−
ϕ (t)) =
{
1 if p = p0 or p1,
0 otherwise.
By operating a S-elementary transformation at p0 ∈ ⌊∆−ϕ (t)⌋, we may assume that S is smooth at
p0. If S is smooth at p1, then we see that we are in the cases (II-1) or (II-2). Assume S is not smooth
at p1 and let µ : M → S be the minimal resolution of p1. Write µ∗Cϕ(t) = µ−1∗ Cϕ(t) +
∑n
j=1 ljFj
and µ∗KS = KM +
∑n
j=1 ajFj where aj ≥ 0, lj > 0 for any j and {Fj |1 ≤ j ≤ n} are µ-exceptional
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divisors over p1. Say (F1, µ
−1
∗ Cϕ(t)) = 1, then we have 0 = (µ
∗Cϕ(t), µ
−1
∗ Cϕ(t)) = (µ
−1
∗ Cϕ(t))
2 + l1,
hence l1 = 1 and a1 = 0. So we deduce that (S, Cϕ(t)) is not purely log terminal but S has a Du Val
singularity at p1 and (Cϕ(t),∆
−
ϕ (t))p1 = 0. So we are in the case (II-3)b,k.
Using the technique of S-elementary transformations as above, we can obtain partial generaliza-
tion of Proposition 3.2 to the positive characteristic case. We note that Proposition 3.2 is proved by
the covering trick and the Hodge theory both of which does not work well in the positive characteristic
case.
Proposition 3.1 Let (S,∆) be a normal projective log surface with a standard boundary defined
over an algebraically closed field k such that (S,∆) is log canonical and KS + ∆ is numerically
trivial. Assume that there exists a proper surjective connected k-morphism ϕ : S → B onto a smooth
projective curve B defined over k and that there exists an irreducible component of ⌊∆⌋ which is not
contained in a fibre of ϕ. Then we have 8(KS + ∆) ∼ 0 or 12(KS + ∆) ∼ 0 and in particular if
char k 6= 2, we have 4(KS +∆) ∼ 0 or 6(KS +∆) ∼ 0, where D ∼ 0 for Q-divisor D means that D
is integral and is linearly equivalent to 0.
Proof. By contracting all the components of singular fibres of ϕ except one in each fibre and operating
S-elementary transformations, we may assume that ρ(S/B) = 1 and all of the fibres of ϕ are of type
(a) as in Lemma 3.2 or of types (I-i)b or (II-i)b (i = 1, 2 or 3) as in Lemma 3.3. Let Γ be an
irreducible component of ⌊∆⌋. Since mp(Γ;∆ − Γ) ∈ S and ∑p∈Γmp(Γ;∆ − Γ) = 2, the possible
values ofmp(Γ;∆−Γ) are 0, 1, 1/2, 2/3, 3/4 or 5/6. So we deduce that 4(KM+∆M) or 6(KM+∆M)is
not integral if and only if ϕ has a fibre of types (I-2)b or (II-3)b (b = 4, 6). Assume that char k 6= 2
and that ϕ has a fibre of type (I-2)4 or (II-3)4. Then there exists distinct three points p0, p1 and p2
in Γ such that
mp(Γ;∆− Γ) =


1/2 if p = p0,
3/4 if p = p1 or p2,
0 otherwise
and the induced morphism ϕ : Γ ≃ P 1 → B has degree 2 which is separable by the assumption and
branches at {pi|0 ≤ i ≤ 2} but which is absurd by the Hurwitz’s formula. Assume that ϕ has a fibre
of type (I-2)6 or (II-3)6. Then there exists distinct three points p0, p1 and p2 in Γ such that
mp(Γ;∆− Γ) =


1/2 if p = p0,
2/3 if p = p1,
5/6 if p = p2,
0 otherwise
and we can derive the absurdity as in the same way as above. Therefore, we only have to check
that if r(KM + ∆
M ) is an integral divisor on M for some r ∈ N , then we have r(KM + ∆M) ∼ 0
or (r − 1)(KM + ∆M) ∼ 0. Put D := r(KM + ∆M). If the genus of B is zero, then M is a
rational surface, hence D ∼ 0. Assume that the genus of B is positive. Then ⌊∆M⌋ contains an
smooth elliptic curve Γ and M is birationally elliptic ruled. From χ(OM(D)) = χ(OM) = 0, we have
h0(OM (D))+h2(OM (D)) = h1(OM(D)). If h2(OM(D)) 6= 0, then h0(OM (KM−D)) 6= 0 by the Serre
duality and for an ample divisor H , we have 0 ≤ (KM −D,H) = (KM , H) = −(∆M , H) < 0 which is
absurd. Thus we get h2(OM (D)) = 0 and h0(OM(D)) = h1(OM(D)). Assume that h2(OM(D−Γ)) 6=
0. Then h0(OM(KM −D+Γ)) 6= 0 by the Serre duality again and (KM +Γ, H) ≥ 0, hence ∆M = Γ
and (r− 1)(KM +∆M ) ∼ 0. So we may assume that h2(OM (D− Γ)) = 0. By the assumption, there
exists a surjection: H1(OM(D)) → H1(OΓ(D)) ≃ H1(OΓ), hence h0(OM(D)) = h1(OM(D)) > 0.
Thus we get the assertion.
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3.2 Case eorb(S˜ \ ∆˜) = 0 and ⌊∆⌋ 6= 0
Let (S,∆) be a projective log surface with a standard boundary defined over an algebraically closed
field k. Assume that (S,∆) is log terminal and KS +∆ is numerically trivial. (S,∆) can be roughly
classified into the following three types.
I : ⌊∆⌋ = 0,
II : ⌊∆⌋ 6= 0 and ⌊Diff⌊∆⌋ν (∆− ⌊∆⌋)⌋ = 0,
III : ⌊∆⌋ 6= 0 and ⌊Diff⌊∆⌋ν (∆− ⌊∆⌋)⌋ 6= 0,
where ν denotes the normalization map ν : ⌊∆⌋ν → ⌊∆⌋.
Definition 3.4 Log surfaces (S,∆) with the above conditions are said to be of type I, II and III
respectively.
The classification of the log surfaces as above in the case that KS +∆ is Cartier is well known.
Lemma 3.4 Assume that KS +∆ is Cartier, then one of the following hold.
(1) S is either an abelian surface, a hyperelliptic surface or a normal surface with at worst Du Val
singularities whose minimal resolution is a K3 surface and ∆ = 0.
(2) S is a rational or birationally elliptic ruled surface with Du Val singularities and ∆ is either a
smooth elliptic curve or a disjoint union of two smooth elliptic curves and the support of ∆ is
disjoint from the singular loci of S.
(3) S is a rational surface with Du Val singularities and ∆ is a connected cycle of smooth rational
curves which is disjoint from the singular loci of S.
Proof. By the definition and assumptions, the proof reduces to the well known results (see [38]).
In what follows we assume that char k = 0.
Lemma 3.5 Let (S,∆) be a germ of log surfaces with a standard boundary and let (S˜, ∆˜) be the log
canonical cover of (S,∆). If (S,∆) is log terminal, then (S˜, ∆˜) is also log terminal.
Proof. If the number of irreducible components of ⌊∆⌋ is less than 2, then (S,∆) is purely log
terminal, hence so is (S˜, ∆˜) (see [72], Corollary 2.2). If not, we get the assertion since the index of
KS +∆ is 1 in this case.
By the log abundance theorem for surfaces, there exists a global log canonical cover (S˜, ∆˜) of
(S,∆).
Lemma 3.6 If (S,∆) is of type I ( resp., II, resp., III ), then (S˜, ∆˜) is also of type I ( resp., II,
resp., III ).
Proof. Firstly, we prove that (S˜, ∆˜) is log terminal. By Lemma 3.5, we only have to check that
any irreducible components of ⌊∆⌋ does not have self-intersections. Assume that there exists an
irreducible component Γ˜ which has self-intersections. Let Γ be the image of Γ˜ on S. Since we have
KS˜ + π
−1(Γ) = π∗(KS + Γ + {∆}),
where π is the covering morphism π : S˜ → S, (S˜, π−1(Γ)) is purely log terminal, hence so is (S˜, Γ˜),
but which is absurd. Noting that ∆˜ = π−1(∆) and that ⌊Diff⌊∆˜⌋ν (0)⌋ = π−1⌊Diff⌊∆⌋ν (∆− ⌊∆⌋)⌋, we
get the assertion.
The following result is essentially due to S. Tsunoda.
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Proposition 3.2 (c.f. [78], Theorem 2.1)
(1) If (S,∆) is of type II, then 4(KS +∆) ∼ 0 or 6(KS +∆) ∼ 0.
(2) If (S,∆) is of type III, then 2(KS +∆) ∼ 0.
Proof. The argument in the proof of [78], Theorem 2.1 can also be applied in the case in which S
is rational. If S is not rational, we only have to apply the argument in the last part of the proof of
Proposition3.1
Let (S,∆) be a projective log surface with a standard boundary defined over the complex number
field C. Assume that (S,∆) is log terminal and that KS+∆ is numerically trivial. Let (S˜, ∆˜) be the
log canonical cover. To classify log surfaces as above, we need some conditions for (S˜, ∆˜) especially
in the case ⌊∆⌋ 6= 0. In this section, we shall classify (S,∆) with ⌊∆⌋ 6= 0 under the condition that
eorb(S˜ \ ∆˜) = 0 which seems to be the most fundamental case. In general, applying the log minimal
program for S with respect KS + {∆}, we get a birational morphism τ : S → S♭ to a projective
normal surface S♭ such that (1) KS♭+{∆♭} is nef, where ∆♭ := τ∗∆, (2) −(KS♭ +{∆♭}) is ample and
ρ(S♭) = 1 or (3) there exists a projective surjective morphism ϕ♭ : S♭ → B onto a smooth projective
curve B with ρ(S♭/B) = 1 and −(KS♭ + {∆♭}) is relatively ample with respect to ϕ♭. Assume that
we are in the case (1). Then we have ⌊∆♭⌋ = 0 and KS +∆ = τ ∗(KS♭ + {∆♭}). On the other hand,
we have KS + {∆} − τ ∗(KS♭ + {∆♭}) ≥ 0 by our construction. Thus we see that the condition (1) is
equivalent to ⌊∆⌋ = 0. The following is the key lemma for our purpose.
Lemma 3.7 Assume that eorb(S˜ \ ∆˜) = 0. Then Exc τ ⊂ ⌊∆⌋.
Proof. We may assume that ⌊∆⌋ 6= 0. Let τ ♮ : S → S♮ be a birational extremal contraction with
respect to KS + {∆}. Let E denote the exceptional divisor for τ ♮ and put ∆♮ := τ ♮∗∆. Assume that
KS +∆ is Cartier firstly. By [39], Theorem 0.1, we see that E is a (−1)-curve and that (E,∆) = 1.
Moreover, there exists a point p ∈ E such that E ∩ Sing S = ∅ or {p} and E contracts to a smooth
point of S♮. Therefore, if E is not contained in Supp ∆, we have
eorb(S \∆)− eorb(S♮ \∆♮) = ρ(S)− ρ(S♮)− (1−
1
op(S)
) =
1
op(S)
.
On the other hand, we have eorb(S \∆) = 0 and eorb(S♮ \∆♮) ≥ 0, which is absurd. If KS+∆ is not
Cartier, we take log canonical covers (S˜, ∆˜) and (S˜♮, ∆˜♮) of (S,∆) and (S♮,∆♮) respectively such that
there exists a birational morphism τ˜ ♮ : S˜ → S˜♮ induced by τ ♮. Let π denote the covering morphism
S˜ → S. Since we have (KS˜, π∗E) = deg π(KS + {∆}, E) < 0, we see that π−1E ⊂ Supp ∆˜ =
Supp π−1⌊∆⌋ by the previous argument, hence we conclude that E ⊂ ⌊∆⌋.
3.2.1 Case Type II
Let (S,∆) be a projective log surface with a standard boundary and assume that there exists a
structure of a conic fibration ϕ : S → B with ρ(S/B) = 1, where B is a smooth projective connected
curve such that ϕ has only fibres of types listed in Lemma 3.3. We denote the number of fibres of
type T by ν(T ) if it is finite.
Lemma 3.8 Assume that (S,∆) is of type II and that eorb(S˜ \ ∆˜) = 0. Then the followings holds.
(1) There exists a projective surjective morphism ϕ : S → B onto a smooth projective curve B with
ρ(S/B) = 1,
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(2) (S,∆+ϕ (t)) is log canonical for any t ∈ B and
(3) Supp ⌊DiffCϕ(t)(∆−ϕ (t))⌋ ⊂ ⌊∆−ϕ (t)⌋ for any t ∈ B.
Proof. Firstly, assume that KS +∆ is Cartier. If (1) does not hold, S is a rank one Gorenstein log
del Pezzo surface by Lemma 3.7. Therefore we have 0 = eorb(S \ ∆) = eorb(S) = 3 −
∑
p∈S{1 −
(1/op(S))}, which contradicts the Table IV. Hence (1) holds under the assumption that KS + ∆ is
Cartier. Assume that h1(OS) = 1. Then we have 0 = eorb(S \∆) = −
∑
p∈S{1− (1/op(S))}, hence ϕ
gives a structure of relatively minimal elliptic ruled surface on S. Noting that the induced morphism
ϕ : ∆→ B is e´tale, we see that (2) and (3) hold. If h1(OS) = 0, we have
4 =
∑
t∈B
∑
p∈C(t)
(1− 1
op(S)
) = ν((I-2)1) +
∑
k≥1
4k − 1
4k
ν((II-3)1,k).
We note here that we do not have to operate any S-elementary transformation by examining the
proof of Lemma 3.3. By the Hurwitz’s formula we have ν((I-2)1) +
∑
k≥1 ν((II-3)1,k) ≤ 4, hence we
deduce that ν((I-2)1) = 4 and ν((II-3)1,k) = 0 (k ≥ 1). Thus we get the assertion (2) and (3) under
the assumption that KS + ∆ is Cartier. We note that ∆
2 = K2S = 0 in each of the above cases.
Assume that KS+∆ is not necessarily Cartier and that there exists a birational extremal contraction
τ ♮ : S → S♮ with respect to KS + {∆} and let E be as in Lemma 3.7. Then by the assumption and
Lemma 3.7, we have (KS+∆, E) = (KS+{∆}, E)+E2+(⌊∆⌋−E,E) < 0, since (KS+{∆}, E) < 0,
E2 < 0 and (⌊∆⌋ − E,E) = 0, but which is absurd. Thus if (1) does not hold, −(KS + {∆}) is
ample and ρ(S) = 1, which implies that ∆˜ = π∗⌊∆⌋ is ample. Thus we get the absurdity. By taking
the Stein factorization, there exists a finite morphism ̟ : B˜ → B from a smooth projective curve
B˜ and a proper surjective connected morphism ϕ˜ : S˜ → B˜ such that ϕ ◦ π = ̟ ◦ ϕ˜. Since we have
KS˜+
∑
̟(t˜)=t∆
+(ϕ˜; t˜) = π∗(KS +∆
+
ϕ (t)) and we know that (S˜,
∑
̟(t˜)=t∆
+(ϕ˜; t˜)) is log canonical, we
conclude that (2) holds. As for (3), we get the assertion by the following diagram:
Supp
∑
̟(t˜)=t
DiffC(ϕ˜;t˜)(∆
−(ϕ˜; t˜)) = Supp π−1⌊DiffCϕ(t)(∆−ϕ (t))⌋
∩ ∩∑
̟(t˜)=t
∆−(ϕ˜; t˜) = π−1⌊∆−ϕ (t)⌋.
Let (S,∆) be a projective log surface with a standard boundary and assume that there exists a
structure of a conic fibration ϕ : S → B with ρ(S/B) = 1, where B is a smooth projective connected
curve such that ϕ has only fibres of types listed in Lemma 3.3. If ϕ has fibres of type T1, . . ., Tr and
generically of type T , then we shall write Typ(S,∆;ϕ) = (T1 + · · ·+ Tr; T ).
Proposition 3.3 Type II log surfaces (S,∆) with eorb(S˜ \ ∆˜) = 0 are classified into the following
22 types modulo S-elementary transformations.
(a) S ≃ P E(E), where E is a rank two vector bundle on an elliptic curve E and ∆ = Γ (a-1),
Γ1 + Γ2 (a-2), Γ + (1/2)Ξ (a-3) or Γ + (1/2)Ξ1 + (1/2)Ξ2 (a-4), where Γ, Γi, Ξ and Ξj are
smooth elliptic curves which are disjoint from each other.
(b) S ≃ P 1 ×P 1 and
∆ = Γ +
2∑
i=1
(1/2)Ξ1,i +


∑4
j=1(1/2)Ξ2,j,∑3
j=1(2/3)Ξ2,j,
(1/2)Ξ2,1 +
∑3
j=2(3/4)Ξ2,j or
(1/2)Ξ2,1 + (2/3)Ξ2,2 + (5/6)Ξ2,3,
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where Γ and Ξ1,i are fibres of the first projection for any i and Ξ2,j is a fibre of the second
projection for any j.
(c) There exists a sequence of S-elementary transformations such that for the resulting log surface
(Sˆ, ∆ˆ), Sˆ ≃ P 1 × P 1 and
∆ˆ = Γˆ1 + Γˆ2 +


∑4
j=1(1/2)Ξˆj,∑3
j=1(2/3)Ξˆj,
(1/2)Ξˆ1 +
∑3
j=2(3/4)Ξˆj or
(1/2)Ξˆ1 + (2/3)Ξˆ2 + (5/6)Ξˆ3,
where Γˆi is a fibre of the first projection for any i and Ξˆj is a fibre of the second projection for
any j.
(d) There exists a structure of P 1-fibration ϕ : S → P 1 with ρ(S/P 1) = 1 such that one of the
followings in Table II holds.
Table II
∆ Typ(S,∆;ϕ)
(d-1) Γ (4(I-2)1; (II-1)1)
(d-2) Γ + (1/2)Ξh (4(I-3)1; (I-1)1)
(d-3) Γ + (1/2)Ξh + (1/2)Ξv,1 + (1/2)Ξv,2 (2(I-1)2 + 2(I-3)1; (I-1)1)
(d-4) Γ + (1/2)Ξh + (1/2)Ξv,1 + (3/4)Ξv,2 ((I-1)4 + (I-3)2 + (I-3)1; (I-1)1)
(d-5) Γ + (1/2)Ξh +
∑3
j=1(1/2)Ξv,j (2(I-3)2 + (I-1)2; (I-1)1)
(d-6) Γ + (1/2)Ξh + (2/3)Ξv,1 + (2/3)Ξv,2 ((I-1)3 + (I-3)1 + (I-3)3; (I-1)1)
Γ in (d-1) and Ξh in (d-2) denote a smooth elliptic curve with Γ
2 = Ξ2h = 0. Γ in (d-2), (d-3),
(d-4), (d-5) and (d-6), Ξh in (d-3), (d-4), (d-5) and (d-6) denote smooth rational curves with
Γ2 = Ξ2h = 0 which are horizontal with respect to ϕ. Ξv,j in (d-3), (d-4), (d-5) and (d-6) denote
smooth rational curves which are vertical with respect to ϕ for any j.
(e) There exists a structure of P 1-fibration ϕ : S → P 1 with ρ(S/P 1) = 1 and there exists a
sequence of S-elementary transformations such that for the resulting log surface (Sˆ, ∆ˆ), one of
the followings in Table III holds.
Table III
∆ˆ Typ(Sˆ, ∆ˆ; ϕˆ)
(e-1) Γˆ +
∑3
j=1(1/2)Ξˆj (2(I-2)2 + (II-1)2; (II-1)1)
(e-2) Γˆ +
∑2
j=1(1/2)Ξˆj (2(I-2)1 + 2(II-1)2; (II-1)1)
(e-3) Γˆ +
∑2
j=1(2/3)Ξˆj ((I-2)1 + (I-2)3 + (II-1)3; (II-1)1)
(e-4) Γˆ + (1/2)Ξˆ1 + (3/4)Ξˆ2 ((I-2)1 + (I-2)2 + (II-1)4; (II-1)1)
Γˆ denote a smooth rational curve with (Γˆ, ϕˆ∗(t)) = 2 for t ∈ P 1 and Ξˆi denote a smooth rational
curve which are vertical with respect to ϕˆ for any i.
Proof. Let Γ1 be an irreducible component of ⌊∆⌋. Then we have 2g(Γ1)−2+deg DiffΓ1(∆−Γ1) =
0, where g(Γ1) denote the genus of Γ1. (1) Assume that g(Γ1) = 1. Then degDiffΓ1(∆ − Γ1) = 0
and ϕ has only fibres of types (I-1)1, (I-2)1 or (II-1)1 by Lemma 3.3 and Lemma 3.8. (1-1) Assume
that g(B) = 1. Since the induced morphism Γ1 → B is e´tale, type (I-2)1 fibre does not exist, hence
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we are in the case (a). (1-2) Assume that g(B) = 0. Applying the Hurwitz’s formula to the induced
double covering Γ1 → B, we obtain ν((I-2)1) = 4, hence we are in the case (d-1). (2) Assume that
g(Γ1) = 0. Then we have
∑
p∈Γ1 mp(Γ1; ∆ − Γ1) = 2. (2-1) Assume that Γ1 is a section of ϕ. Then
ϕ has only fibres of types (I-1)b, (I-3)b or (II-1)b. (2-1-1) Assume that Γ1 = ⌊∆⌋. Then ϕ has only
fibres of types (I-1)b or (I-3)b and we have
∑
b≥1{(b− 1)/b}ν((I-1)b) +
∑
b′≥1{(2b′ − 1)/2b′}ν((I-3)b′).
Let Ξh be the sum of all the horizontal components of Supp{∆}. If Ξh is reducible, then ϕ has only
fibres of type (I-1)b, hence we are in one of the cases (b). Assume that Ξh is irreducible. Then we
have etop(Ξh) = 4 −
∑
b′≥1 ν((I-3)b′) by the Hurwitz’s formula. On the other hand, since we have
KS+Γ1+Ξh+{∆}v ∼Q (1/2)Ξh, where {∆}v denotes the vertical part of {∆}, we have etop(Ξh) =
degDiffΞh({∆}v) − (1/2)Ξ2h = 2
∑
b≥1{(b − 1)/b}ν((I-1)b) +
∑
b′≥1{(b′ − 1)/b′}ν((I-3)b′) − (1/2)Ξ2h,
hence Ξ2h = 0. Since etop(Ξh) ≤ 2 and etop(Ξh) ∈ 2Z, we have
∑
b′≥1 ν((I-3)b′) = 2 or 4. If∑
b′≥1 ν((I-3)b′) = 4, then we have etop(Ξh) = 0 and ν((I-3)1) = 4, hence we are in the case (d-2).
Assume that
∑
b′≥1 ν((I-3)b′) = 2. Then we have etop(Ξh) = 2 and we see that we are in the cases
(d-3), (d-4), (d-5) and (d-6). (2-1-2) Assume that ⌊∆⌋ is decomposed into two sections Γ1 and
Γ2. Then ϕ has only fibres of type (II-1)b after S-elementary transformations, hence we are in the
cases (c). (2-2) Assume that (Γ1, ϕ
∗(t)) = 2 for t ∈ P 1. Then ϕ has only fibres of types (I-2)b or
(II-1)b after S-elementary transformations. We note that ∑b≥1{(b − 1)/b}ν((I-2)b) + 2∑b′≥1{(b′ −
1)/b′}ν((II-1)b′) = 2. By the Hurwitz’s formula, we have ∑b≥1 ν((I-2)b) = 2. Thus we see that we
are in the cases (e-1), (e-2), (e-3) and (e-4).
We prove the lemma needed later which was taught to the author by Prof. A. Fujiki.
Lemma 3.9 Let X be a complex manifold and let G be a finite subgroup of the holomorphic auto-
morphism group Aut X. Let Π : U → X be the universal cover of X. Then there exists a discrete
subgroup G˜ of Aut U which acts on U properly discontinuously such that U/G˜ ≃ X/G
Proof. Let AutΠU be the subgroup of Aut U which consists of all the elements γ˜ ∈ Aut U such that
there exists an element γ ∈ Aut X which satisfies γ ◦ Π = Π ◦ γ˜. Then there exists the following
exact sequence of groups: 1 −→ π1(X) −→ AutΠU −→ Aut X −→ 1. Let G˜ be the inverse image of
G by the third map in the above exact sequence. We note that G˜ is a discrete subgroup of AutΠU
and that we have the following exact sequence: 1 −→ π1(X) −→ G˜ −→ G −→ 1. Therefore, we see
that G˜ acts on U properly discontinuously and that U/G˜ ≃ (U/π1(X))/G ≃ X/G.
Let (X,D) be a normal log variety with reduced boundary D. Assume that a finite group G acts
on X faithfully preserving D. Let f : X → X/G be the quotient morphism and assume that any
component of D is not contained in the ramification divisor of f . For a prime divisor Γ on X/G,
take a prime divisor Γ˜ on X contained in f−1(Γ) and let GΓ˜ denote the subgroup of G consisting
of all the element of G which acts on Γ˜ trivially. The order |GΓ˜| of GΓ˜, which is nothing but the
ramification index of f at Γ˜, does not depend on the choice of Γ˜. Put eΓ := |GΓ˜|. We define the
Q-boundary DG on X/G as follows.
DG := D/G+
∑
Γ;prime
eΓ − 1
eΓ
Γ,
where the summation is taken over all the prime divisors Γ on X/G. We note that by the definition,
we have KX +D = f
∗(KX/G +DG) if KX/G +DG is Q-Cartier.
Here is a corollary of Proposition 3.3.
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Corollary 3.1 Let (S,∆) be a type II log surface with eorb(S˜ \∆˜) = 0. Then there exists a relatively
minimal elliptic ruled surface π : P → E over an elliptic curve E which admits a π-equivariant action
of a finite abelian group G with |G| = lInd(KS+∆), where l = 1, 2 or 4 and there exists a G-invariant
reduced divisor D on P which is a smooth elliptic curve or a disjoint union of two smooth elliptic
curves such that (S,∆) ≃ (P/G,DG). In particular, (S,∆) is uniformizable to C ×P 1 in the sense
of R. Kobayashi, S. Nakamura and F. Sakai (see [33], [34]).
Proof. We only have to consider the case where B ≃ P 1. We define a Q-divisor δ on B as
δ :=
∑
t∈B{(mtbt − 1)/mtbt}t, where mt := multCϕ(t)ϕ∗(t) and bt := (1 − multCϕ(t)∆)−1 for t ∈ B.
Then by checking the list in Proposition3.3, we see that deg δ = 2. Put r := Ind(KB + δ). We
can also check that r = Ind(KS + ∆). Let C(x) ⊂ K := C(x, y) be the field extension induced by
ϕ. We define a finite Galois field extension K ⊂ L as follows. Take a rational function α(x) on B
such that div α(x) = r(KB + δ). If Ξh = 0, we put L := K(
r
√
α(x)). If Ξh 6= 0. Let Ξh,η be the
restriction of Ξh to the generic fibre Sη ≃ P 1(C(x)) of ϕ. Then the defining equation of Ξh,η can
be written as y2 = β(x). Let Ξh,η¯ be the pull back of Ξh,η on P
1(C(x,
√
β(x))). By substituting
y for y′ = (y −
√
β(x))/(y +
√
β(x)), we may assume that Ξh,η¯ corresponds to y = 0, ∞. We put
L := K( r
√
α(x),
√
β(x),
√
y). We note that L is a Kummer extension of K by the construction. Let
f : P → S be the normalization of S in L. We show that P is a desired relatively minimal elliptic
ruled surface. Let f1 : P1 → S be the normalization of S in K( r
√
α(x)) and ϕ1 : P1 → B1 be the
induced morphism from ϕ by taking the Stein factorization. By our construction, B1 is nothing but
the log canonical cover of (B, δ), hence B1 is an elliptic curve. Since locally on S, we can write
div ϕ∗α(x) = {r(bt − 1)/bt}Cϕ(t), f ∗1Cϕ(t) is Cartier, hence ϕ1 is smooth and the ramification index
at the generic point of prime divisors in f−11 (Cϕ(t)) is bt. Thus in the case where Ξh = 0, we get
the assertion. Assume that Ξh 6= 0. Then we see that f−11 (Ξh) is smooth and etop(f−11 (Ξh)) = 0
from KP1 + f
−1
1 (Γ) + (1/2)f
−1
1 (Ξh) = f
∗
1 (KS + ∆) ∼Q 0 and (f−11 (Ξh))2 = 0. Let f2 : P2 → P1
be the normalization of P1 in K(
r
√
α(x),
√
β(x)) and ϕ2 : P2 → B2 be the induced morphism from
ϕ1. If K(
r
√
α(x),
√
β(x)) 6= K( r
√
α(x)), then f−11 (Ξh) is an elliptic curve and B2 ≃ f−11 (Ξh) by the
construction. Therefore, P2 is also a relatively minimal elliptic ruled surface and f
−1
2 f
−1
1 (Ξh) is a
disjoint union of two sections over which f3 : P → P2 ramifies with the index two, where f3 is the
normalization map of P2 in L. Thus we conclude that P is a relatively minimal elliptic ruled surface
with a section f−1(⌊∆⌋). The last assertion follows from Lemma 3.9.
3.2.2 Case Type III
Lemma 3.10 (c.f. [3], [7] and [34], §5. Appendix) Let (S,∆; p) be a germ of normal log sur-
face with Q-boundary ∆ at p such that ⌊∆⌋ = 0. Assume that (S,∆) is purely log terminal and
indp(KS +∆) = 2. Then there exists a resolution f : T → S such that f−1(p)∪ Supp f−1∗ ∆ has only
normal crossing singularities whose dual graph is one of the following types.
(1) Case p ∈ S smooth.
A0/2
s
A2k+1/2-α (k ≥ 0)
❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝
−1
✓
✓
✓
❙
❙
❙
s
s
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A2k+2/2-β (k ≥ 0)
❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝−3 ❝
−1
✓
✓
✓
❙
❙
❙
❝ −2
s
D2k+5/2-α (k ≥ 0)
s ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝−3 ❝
−1
✓
✓
✓
❙
❙
❙
❝ −2
s
D2k+4/2-β (k ≥ 0)
s ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝
−1
✓
✓
✓
❙
❙
❙
s
s
E6/2
❝−2 ❝−2 ❝
−1
✓
✓
✓
❙
❙
❙
❝ −4
s
E7/2
s ❝−2 ❝
−1
✓
✓
✓
❙
❙
❙
❝ −3
s
E8/2
❝−3 ❝−2 ❝
−1
✓
✓
✓
❙
❙
❙
❝ −3
s
(2) Case p ∈ S singular.
A1/2-γ
❝−4
A2k+3/2-δ (k ≥ 0)
❝−3 ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝−3
A2k+2/2-ǫ (k ≥ 0)
s ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝−3
A2k+1/2-ζ (k ≥ 1)
s ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 s
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D4/2-γ
s ❝−1✓✓
✓
❙
❙
❙
❝ −4
❝ −2
D2k+5/2-δ (k ≥ 0)
❝−3 ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝−1 ✓✓
✓
❙
❙
❙
s
s
D2k+6/2-ǫ (k ≥ 0)
❝−3 ❝−2 ♣ ♣︸ ︷︷ ︸
k times
♣ ❝−2 ❝−3 ❝
−1
✓
✓
✓
❙
❙
❙
❝ −2
s
In the above dual graphs • denotes the strict transform of Supp {∆} by f and ◦ denotes an
f -exceptional rational curve. The number attached on ◦ is its self-intersection number.
Proof. We give a proof for the convenience of the readers. In the case where S is smooth at p,
the proof reduces to the well know fact about the resolution of plane curves, so we omit the proof
in this case. Assume that S is singular at p and let µ : M → S be the minimal resolution of p ∈ S.
Put Ξ := Supp ∆ and Ξ′ := µ−1∗ Ξ. Let µ
−1(p) = ∪li=1Ei be the irreducible decomposition. Then we
can write KM +(1/2)Ξ
′+
∑l
i=1 aiEi = µ
∗(KS +∆), where ai = 0 or 1/2 for any i by the assumption.
Since we have (KM + (1/2)Ξ
′ +
∑l
i=1 aiEi, Ej) = 0, we have (Ξ
′ +
∑
i 6=j 2aiEi, Ej) = 4 + 2(1− aj)E2j
for any j. Assume that ai0 = 0 for some i0, say for i0 = 1. Then we see that (Ξ
′+
∑
i 6=1 2aiEi, E1) = 0
since E21 ≤ −2, which implies that µ−1(p) = ∪ai=0E ∐∪ai=1/2Ei. Since µ−1(p) is connected, we infer
that ai = 0 and (Ξ
′, Ei) = 0 for any i, hence indp(KS + ∆) = 1, which is absurd. Thus we obtain
ai = 1/2 for any i and (Ξ
′ +
∑
i 6=j Ei, Ej) = 4 + E
2
j for any j, which implies that E
2
i = −2, −3
or −4 for any i. Assume that there exists Ei0 , say E1, such that E21 = −4. Then since we have
(Ξ′ +
∑
i 6=j Ei, E1) = 0, we see that µ
−1(p) = E1 and (Ξ
′, E1) = 0, which implies that we are in the
case A1/2-γ. Thus we may assume that E
2
i = −2, −3. We note that we have (Ξ′ +
∑
i 6=j Ei, Ej) = 1
if E2j = −3 and 2 if E2j = −2. Assume that there exists Ei0 , say E1, such that E21 = −3. Then it is
easily seen that we are in the cases A2k+3/2-δ (k ≥ 0) or A2k+2/2-ǫ (k ≥ 0). Thus we may assume
that E2i = −2 for any i. Assume that (Ξ′, Ei0) = 1 for some i0. Then by the inductive argument,
we see that we are in the cases A2k+1/2-ζ (k ≥ 2). Assume that (Ξ′, Ei0) = 2 for some i0. Then we
have µ−1(p) = Ei0 since (
∑
i 6=i0 Ei, Ei0) = 0, from which we deduce that we are in the cases A3/2-ζ ,
D4/2-γ, D2k+5/2-δ (k ≥ 0) and D2k+6/2-ǫ (k ≥ 0).
Definition 3.5 A normal complex projective surface S is called a rank one log del Pezzo surface if
S has at worst quotient singularities, −KS is ample and the Picard number one and moreover, if S
is Gorenstein, S is called a rank one Gorenstein log del Pezzo surface.
Singular rank one Gorenstein log del Pezzo surfaces are classified into the following 27 types listed
as follows (see [20], [45]). We need the list below to study type III log surfaces.
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Table IV
(−KS)2 Sing S eorb(S) (−KS)2 Sing S eorb(S)
(1) 8 A1 5/2 (15) 1 E8 241/120
(2) 6 A2 + A1 11/6 (16) 1 E7 + A1 73/48
(3) 5 A4 11/5 (17) 1 E7 + A2 65/48
(4) 4 D5 25/12 (18) 1 A8 19/9
(5) 4 A3 + 2A1 5/4 (19) 1 A7 + A1 13/8
(6) 3 E6 49/24 (20) 1 A5 + A2 + A1 1
(7) 3 A5 + A1 5/3 (21) 1 D8 49/24
(8) 3 3A2 1 (22) 1 D6 + 2A1 17/16
(9) 2 E7 97/48 (23) 1 D5 + A3 4/3
(10) 2 D6 + A1 25/16 (24) 1 2D4 5/4
(11) 2 A7 17/8 (25) 1 4A2 1/3
(12) 2 D4 + A3 11/8 (26) 1 2A3 + 2A1 1/2
(13) 2 A5 + A2 3/2 (27) 1 2A4 7/5
(14) 2 2A3 + A1 1
Proposition 3.4 Let (S,∆) be of type III. Assume that KS+∆ is Cartier and that eorb(S \∆) = 0.
Then there exists a birational morphism τ : S → S♭ which is composed of contractions of (−1)-curves
with Exc τ ⊂ ∆ to a normal projective surface S♭ and (S♭,∆♭) satisfies one of the followings.
(a) S♭ ≃ Σd, where Σd is a Hirzebruch surface and ∆♭ = ∑4i=1 Γ♭i where Γ♭1 and Γ♭2 are two disjoint
sections, Γ♭3 and Γ
♭
4 are two fibres.
(b) S♭ is a rank one Gorenstein log del Pezzo surface with Sing S♭ = 3A2, A1+2A3, or A1+A2+A5
and ∆♭ is a rational curve with only one node as its singularities.
(c) S♭ has a structure of a conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1 and Typ(S♭,∆♭;ϕ♭) =
(2(I-2)1 + (II-1)∞; (II-1)1). ∆
♭ = Γ♭1 + Γ
♭
2, where Γ
♭
1 is a smooth rational curve such that
(Γ♭1, ϕ
♭∗(t)) = 2 for t ∈ P 1 and that (Γ♭1)2 = 0 and Γ♭2 is a fibre of ϕ♭.
Proof. As we have already seen in Lemma 3.7, by applying the log minimal program on S with
respect to KS, we get a birational morphism τ : S → S♭ with Exc τ ⊂ ∆ to a normal projective
surface S♭ (1) which is a rank one Gorenstein log del Pezzo surface or (2) which admits a structure of
conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1. Assume that we are in the case (1). Since we have
eorb(S
♭) = etop(∆
♭) ∈ N , we see that S♭ ≃ P 2 and etop(∆♭) = 3 or Sing S♭ = 3A2, A1 + 2A3, or
A1+A2+A5 and etop(∆
♭) = 1 by Table IV. Thus we are in the cases (a) and (b). Assume that we are
in the case (2). By the assumption, we have 4 = etop(∆
♭)+ν((I-2)1)+
∑
k≥1{(4k−1)/(4k)}ν((II-3)1,k).
where ν((I-2)1) and ν((II-3)1,k) denote the number of fibres of type (I-2)1 and (II-3)1,k respectively.
Assume that ∆♭ contains an irreducible component Γ♭0 with (Γ
♭
0, ϕ
♭∗(t)) = 2 for t ∈ P 1. Since ∆♭−Γ♭0
is composed of fibres of ϕ♭, we can write ∆♭ = Γ♭0 + Γ
♭
1 where Γ
♭
1 is a fibre of ϕ
♭ and we see that
etop(∆
♭) = 2 and that ν((I-2)1) +
∑
k≥1{(4k − 1)/(4k)}ν((II-3)1,k) = 2. On the other hand, since ϕ♭
induces a double cover ϕ♭ : Γ♭0 ≃ P 1 → P 1, we have ν((I-2)1)+
∑
k≥1 ν((II-3)1,k) ≤ 2 by the Hurwitz’s
formula. So we have ν((I-2)1) = 2 and ν((II-3)1,k) = 0 for any k, hence we are in the case (c). Assume
that there exist two sections of ϕ♭, Γ♭1 and Γ
♭
2. Then we see that ν((I-2)1) = ν((II-3)1,k) = 0 for any
k and that ϕ♭ : S♭ → P 1 is smooth and etop(∆♭) = 4. Thus we are in the case (a).
Let (S,∆) be of type III and assume that KS + ∆ is not Cartier and let ⌊∆⌋ = ∑bi=0 Γi be the
irreducible decomposition. Then b ≥ 1 and Γi’s form a linear chain of smooth rational curves, that
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is, (Γi,Γj) = 0, if |i − j| > 1, 1, if |i − j| = 1 and {p ∈ ⌊∆⌋| indp(KS + ∆) = 2}, namely the set of
points p ∈ ⌊∆⌋ at which KS +∆ is not Cartier consists of four points pi (1 ≤ i ≤ 4), where pi ∈ Γ0
for i = 1, 2 and pi ∈ Γb for i = 3, 4 by [58], Lemma 3.2 (1). Comparing the Euler numbers, we have
etop(∆˜) = 2etop(⌊∆⌋)− 4. (3.3)
Let (S♭,∆♭) be a log surface obtained from (S,∆) by applying log minimal program with respect to
KS + {∆}. Write ∆♭ = Γ♭ + (1/2)Ξ♭, where Γ♭ := ⌊∆♭⌋ and Ξ♭ := 2{∆♭}. Put d := (−KS˜♭)2. We
note that we have
etop(Ξ
♭ν) = degDiffΞ♭ν (Γ
♭)− 1
2
(Ξ♭)2 (3.4)
from KS♭ + Γ
♭ + (1/2)Ξ♭ ∼Q 0. Let µ♭ : M ♭ → S♭ be the minimal resolution of S♭ and put
δK2 := K2S♭ −K2M♭, δρ := ρ(M ♭)− ρ(S♭). Then we have
K2S♭ = K
2
M♭ + δK
2 = 10− ρ(M ♭) + δK2 = 10− ρ(S♭)− δρ+ δK2.
On the other hand, we have
K2S♭ = (Γ
♭ +
1
2
Ξ♭)2 =
d
2
+ (Γ♭,Ξ♭) +
1
4
(Ξ♭)2,
hence
δK2 − δρ = d
2
+ (Γ♭,Ξ♭) +
1
4
(Ξ♭)2 + ρ(S♭)− 10. (3.5)
If we have ρ(S♭) = 1, for any divisor D on S♭, there exists a ∈ Q such thatD is numerically equivalent
to aΓ♭. Noting that D2 = a2(Γ♭)2 = (1/2)da2 by (Γ♭)2 = (1/2)(∆˜♭)2 = (1/2)(−KS˜♭)2 = d/2 and that
(Γ♭, D) = a(Γ♭)2 = (1/2)da, we deduce that
D2 = (2/d)(Γ♭, D)2. (3.6)
Assume that eorb(S˜ \ ∆˜) = 0. Then from Lemma 3.7, we have
ρ(S)− ρ(S♭) = etop(⌊∆⌋)− etop(⌊∆♭⌋). (3.7)
Let LC (S♭,∆♭) be the set which consists of all point p ∈ S♭ such that (S♭,∆♭) is not log terminal
at p. We see that LC(S♭,∆♭) consists of at most two points and for p ∈ LC(S♭,∆♭), Γ♭ and Ξ♭
are smooth at p and (Γ♭,Ξ♭)p = 2. Let π
♭ : S˜♭ → S♭ be the log canonical cover of (S♭,∆♭). Put
∆˜♭ := π♭−1∆♭ and s := Card LC(S♭,∆♭). Comparing the Euler numbers again, we have
etop(∆˜
♭) = 2etop(⌊∆♭⌋)− 4 + s. (3.8)
If ind(KS♭ +∆
♭) = 1 for p ∈ S♭ \ ⌊∆♭⌋, then p /∈ Ξ♭ and S♭ has at worst Du Val singularity at p. In
this situation, we shall say that (S♭,∆♭) has singularity of type An at p, if S
♭ has Du Val singularity
of type An at p for instance. Let ψ : U → B be a complex elliptic surface over a smooth complete
curve B with a section such that U is minimal over B. We shall write
Typ(U ;ψ) =
∑
k≥1
ν(Ik)Ik +
∑
l≥0
ν(I∗l )I
∗
l + ν(II)II + ν(II
∗)II∗ + ν(III)III + ν(III∗)III∗
+ν(IV)IV + ν(IV∗)IV∗,
where ν(T ) denotes the number of singular fibres of type T in the Kodaira’s notation ([35]). It turns
out that the following lemma works better than the fixed point formula in our cases.
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Lemma 3.11 Let G denote a finite subgroup of k-automorphism group of normal variety X defined
over an algebraically closed field k and let f : X → X/G be the quotient morphism. Assume that
X/G is Q-factorial. Then f induces the isomorphism Pic (X/G)⊗Q ≃ (Pic X ⊗Q)G.
Proof. The injectivity is trivial. As for the surjectivity, we only have to note that f ∗f∗D =
∑
g∈G g
∗D
for any Q-divisor D on X , where f∗D denotes the pushforward of D by f as a cycle.
Assume that Ξ♭ 6= 0 and that there exists a birational morphism η : W → S♭ from a normal
surface W with ∆W ≥ 0 such that η−1∗ Ξ♭ is nef and (η−1∗ Ξ♭)2 = 0. By applying the log abundance
theorem (see [18] or [14], Theorem 11.1.3) to KW +∆
W + εΞ♭ ∼Q εΞ♭ for sufficiently small positive
rational number ε, we obtain a proper surjective connected morphism ϕ : W → P 1. In what follows,
we shall frequently use this technique. In Propositions 3.5, 3.6, 3.7, 3.8 and 3.9, a log surface (S,∆)
is assumed to be of type III such that KS +∆ is not Cartier and eorb(S˜ \ ∆˜) = 0.
Proposition 3.5 Assume that S˜ is smooth. Then there exists a birational morphism τ : S → S♭
with Exc τ ⊂ ⌊∆⌋ such that there exists a conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1 and
that (S♭,∆♭) is log terminal, where ∆♭ := τ∗∆. Moreover, there exists a sequence of S-elementary
transformation such that for the resulting log surface (Sˆ♭, ∆ˆ♭), Sˆ♭ ≃ P 1×P 1 with ϕˆ♭ being the second
projection and ∆ˆ♭ =
∑2
i=0 Γˆ
♭
i + (1/2)
∑2
j=1 Ξˆ
♭
j, where Γˆ
♭
i is a fibre of the first projection for i = 1, 2
and Γˆ♭0, Ξˆ
♭
j are fibres of the second projection for j = 1, 2.
Proof. From the exact sequence: 0 → Ω1
S˜
→ Ω1
S˜
(log ∆˜) → O∆˜♭ν → 0, we have the following exact
sequence:
0→ H0(Ω1
S˜
(log ∆˜))→ H0(O∆˜♭ν )→ Pic S˜ ⊗C → 0,
since Pic S˜⊗Q is generated by all the irreducible components of ∆˜. By taking the invariant subspaces
under the induced action of G := Gal(S˜/S), we get the the following exact sequence:
0→ H0(Ω1S˜(log ∆˜))G → H0(O⌊∆⌋ν )→ Pic S ⊗C → 0,
where H0(Ω1
S˜
(log ∆˜))G is the invariant subspace under the G-action. Since S˜ \∆˜ is a two dimensional
algebraic torus, we see that h0(Ω1
S˜
(log ∆˜)) = 2 and that the natural morphism
∧2H0(Ω1
S˜
(log ∆˜))→
H0(OS˜(KS˜ + ∆˜)) is an isomorphism. Since the eigenvalue of the induced action of a generator of G
on H0(OS˜(KS˜ + ∆˜)) is −1, H0(Ω1S˜(log ∆˜))G is one dimensional. Thus we get ρ(S) = etop(⌊∆⌋)− 2.
Firstly, we show that there exists a P 1-fibration ϕ : S → P 1. Assume that ρ(S♭) = 1. From (3.7),
we get etop(⌊∆♭⌋) = 3 which implies etop(∆˜♭) = 2 + s by (3.8), hence ρ(S˜♭) = etop(∆˜♭) − 2 = s.
We note that Ξ♭ 6= 0 since s > 0. By Noether’s equality, we have K2
S˜♭
= 10 − s. Since S♭ has only
Du Val singularities of type A1, we have δK
2 = 0. Combining this with δρ = 4− (Γ♭,Ξ♭), we obtain
(Ξ♭)2 − 2s = 0 from (3.5). Let ι : S♭′ → S♭ be the extraction of all the divisors over LC(S♭,∆♭)
whose log discrepancy with respect to (S♭,∆♭) are 0. Noting that (ι−1∗ Ξ
♭)2 = (Ξ♭)2 − 2s = 0 by our
construction and that Ξ♭ is irreducible by our assumption that ρ(S♭) = 1 and S˜♭ is smooth, some
multiple of ι−1∗ Ξ
♭ defines a P 1-fibration ϕ♭′ : S♭′ → P 1. Since τ factors into ι◦τ ′, where τ ′ : S → S♭′ is
a birational morphism, we conclude that there exists a P 1-fibration ϕ : S → P 1 and we may assume
that S♭ has a structure of conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1. Under this assumption,
we have etop(⌊∆♭⌋) = 4, etop(∆˜♭) = 4 + s, ρ(S˜♭) = 2 + s, K2S˜♭ = 8 − s, (Γ♭)2 = 4 − (1/2)s and
(Ξ♭)2 = 2s in the same way as above. Let Γ♭ =
∑2
i=0 Γ
♭
i be the irreducible decomposition and assume
that Γ♭0 is horizontal with respect to ϕ
♭. We may assume that Γ♭1 is contained in a fibre of ϕ
♭ since
(Γ♭, ϕ∗(t)) ≤ 2 for t ∈ P 1. Firstly, assume that (Γ♭0, ϕ∗(t)) = 2 for t ∈ P 1. Then Γ♭1, Γ♭2 and Ξ♭
are contained in fibres of ϕ♭. Noting that (Γ♭0,Γ
♭
i) = 1 for i = 1, 2, we have (Γ
♭
0,Ξ
♭) = 0. Thus
we conclude that Ξ♭ = 0 and that s = 0, hence (Γ♭0)
2 = 0. Since (−KS♭ , C) = (Γ♭, C) > 0 for
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any irreducible curve C on S♭, we see that NEK
S♭
(S♭) = 0 and that NE(S♭) is spanned by exactly
two extremal rays with respect to KS♭ one of which corresponds to ϕ
♭. Let ϕˇ♭ be the extremal
contraction of the other extremal ray. If ϕˇ♭ is birational, then, by Lemma 3.7, Exc ϕˇ♭ ⊂ Γ♭, which is
absurd. Thus ϕˇ♭ defines another conic fibration ϕˇ♭ → P 1 with ρ(S♭/P 1) = 1 such that Γ♭1 and Γ♭2 is
horizontal with respect to ϕˇ♭. Thus we may assume that Γ0 is a section of ϕ at first. Assume that
Γ♭2 is contained in a fibre of ϕ
♭. Then we have (Γ♭0)
2 = −(1/2)s. Since (Γ♭0)2 ∈ Z, we have s = 0 or
2. We may assume that s = 0 for if we assume that s = 2, then we have (Γ♭0)
2 = −1 and we can use
the argument in the case ρ(S♭) = 1. Under the assumption that s = 0, there exists another another
conic fibration ϕˇ♭ → P 1 with ρ(S♭/P 1) = 1 such that Γ♭1 and Γ♭2 is horizontal with respect to ϕˇ♭, by
the same argument as above. Thus we may assume that Γ0 and Γ2 are sections of ϕ
♭ at first. Then
we have (Ξ♭, ϕ♭∗(t)) = 0 for t ∈ P 1 and s = 0. Since we have ρ(S˜♭) = 2, (S♭,∆♭+
ϕ♭
(t)) is log canonical
for any t ∈ P 1 and Supp ⌊DiffC
ϕ♭
(t)(∆
♭−
ϕ♭
(t))⌋ ⊂ ⌊∆♭−
ϕ♭
(t)⌋ for any t ∈ P 1 by the argument in the
proof of Lemma 3.8. Therefore, possibly after S-elementary transformations, ϕ♭ has only fibres of
type (II-1)b as in Lemma 3.3. Thus we get the assertion.
Assume that S˜ is not smooth. By Proposition 3.4, we see that ρ(S˜) = etop(∆˜) and all the
irreducible components of ∆˜ give a complete basis of Pic S˜ ⊗Q, hence we get
ρ(S) = etop(∆˜)/2 + 1 = etop(⌊∆⌋)− 1.
by Lemma 3.11. Combining this with (3.7), we obtain etop(⌊∆♭⌋) = 1 + ρ(S♭). From (3.8), we have
ρ(S˜♭) = etop(∆˜
♭) = 2ρ(S♭) − 2 + s. Let µ˜♭ : M˜ ♭ → S˜♭ be the minimal resolution of S˜♭ and put
δρ˜ := ρ(M˜ ♭)− ρ(S˜♭). Then by Noether’s equality, we have
d = K2M˜♭ = 10− ρ(M˜ ♭)
= 10− 2ρ(S♭)− s− δρ˜
= −2ρ(S♭)− s+


8, if Sing S˜ = 4A1,
6, if Sing S˜ = 3A2,
5, if Sing S˜ = A1 + 2A3,
4 if Sing S˜ = A1 + A2 + A5.
(3.9)
Proposition 3.6 Assume that Sing S˜ = 3A2. Then one of the followings holds.
(1) S♭ ≃ P 2 and ∆♭ = Γ♭ + (1/2)Ξ♭, where Ξ♭ is an irreducible quartic curve with three cusps and
Γ♭ is a double tangent.
(2) S♭ is a rank one Gorenstein log del Pezzo surface with Sing S♭ = A1 + A2 and there exists
a birational morphism λ : U → S♭ from a smooth projective surface U such that U admits
a structure of elliptic surface with a section ψ : U → P 1 which is minimal over P 1 with
Typ(U ;ψ) = I∗1+II+I3 and that ∆
♭ U = (1/2)ψ∗(t+u) where ψ∗(t) and ψ∗(u) are the singular
fibres of type I∗1 and II respectively.
Proof. The possible singular types of (S♭,∆♭) on S♭ \ ⌊∆♭⌋ are types A2, A0/2, A2/2-β and A2/2-ǫ
and we see that Ξ♭ is irreducible if ρ(S♭) = 1. In what follows, ν(T ) denotes the number of points
of type T . We note that we have 2ν(A2) + ν(A2/2-β) + ν(A2/2-ǫ) = 3. Firstly, we consider the
case in which S♭ is a rank one log del Pezzo surface. Assume that s = 2. Then we have ρ(S˜♭) = 2,
d = 2, (Γ♭)2 = 1, (Γ♭,Ξ♭) = 4 and (Ξ♭)2 = 16. Thus we have δK2 − δρ = 0. On the other
hand, since we have δK2 = (1/3)ν(A2/2-ǫ) and δρ = 2ν(A2) + ν(A2/2-ǫ), we have δK
2 − δρ =
−2ν(A2) − (2/3)ν(A2/2-ǫ), hence ν(A2) = ν(A2/2-ǫ) = 0 and ν(A2/2-β) = 3, which implies that
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we are in the case (1). Assume that s = 1. Then we have d = 3 and ρ(S˜♭) = 1. We note that we
have (Γ♭,Ξ♭) ≡ 1 (mod 2) from (Γ♭)2 = 3/2, so we have (Γ♭,Ξ♭) = 3, (Ξ♭)2 = 6 and δK2 − δρ = −3.
On the other hand, since we have δK2 = (1/3)ν(A2/2-ǫ) and δρ = 1 + 2ν(A2) + ν(A2/2-ǫ), we get
δK2 − δρ = −1 − 2ν(A2) − (2/3)ν(A2/2-ǫ). Therefore, we obtain 3ν(A2) + 2ν(A2/2-ǫ) = 3. Hence
(ν(A2), ν(A2/2-ǫ)) = (1, 0) or (0, 3). Since we have deg DiffΞ♭ν (Γ
♭) = 3+2ν(A2/2-β)+(2/3)ν(A2/2-ǫ),
we have etop(Ξ
♭ν) = 2ν(A2/2-β) + (2/3)ν(A2/2-ǫ). Assume that (ν(A2), ν(A2/2-ǫ)) = (1, 0). Then
we have ν(A2/2-β) = 1 and etop(Ξ
♭ν) = 2, i.e., Ξ♭ν ≃ P 1. We can see that there exists a birational
morphism η : W → S♭ from a smooth rational surface with ρ(W ) = 13 such that Supp η−1∗ ∆♭∪Exc η
has only simple normal crossing singularities whose dual graph is as follows.
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In the above dual graph, • denotes a curves which is not η-exceptional and ◦ denotes a η-
exceptional curve. (∗; ∗) denotes ( the self-intersection number; the multiplicities in ∆♭W . We shall
use the same notations in the subsequent dual graphs.
We see that there exists a birational morphism υ : W → U to a smooth rational surface U with
ρ(U) = 10 such that η = λ ◦ υ, where λ : U → S♭ is a birational morphism and that λ−1∗ Ξ♭ is nef
with (λ−1∗ Ξ
♭)2 = 0 and (∆♭U − (1/2)λ−1∗ Ξ♭, λ−1∗ Ξ♭) = 0. We note that ∆♭U ≥ 0. Applying the log
abundance theorem to KU +∆
♭U +ελ−1∗ Ξ
♭ for sufficiently small positive rational number ε, we obtain
a connected surjective morphism ψ : U → P 1, which turns out to be a minimal elliptic fibration
since KU + ∆
♭U ∼Q 0 and ρ(U) = 10. Put t := ψ(λ−1∗ Γ♭) and u := ψ(λ−1∗ Ξ♭). Then we see that
ψ∗(t) and ψ∗(u) are singular fibre of type I∗1 and II respectively and that ∆
♭ U = (1/2)ψ∗(t + u).
Since we have
∑
v 6=t,u etop(ψ
−1(v)) = 3 and there exists v ∈ P 1 such that the singular fibre ψ∗(v)
has the dual graph containing A2 as its dual subgraph, we deduce that ψ
∗(v) is of type I3 and
that ψ is smooth over P 1 \ {t, u, v}. Thus we are in the case (2). We shall show that the case
(ν(A2), ν(A2/2-ǫ)) = (0, 3) does not occurs. Assume that (ν(A2), ν(A2/2-ǫ)) = (0, 3). Then we have
ν(A2/2-β) = 0 and Ξ
♭ν ≃ P 1. We see that that there exists a birational morphism η : W → S♭,
where W is a rational surface with ρ(W ) = 11, such that Supp η−1∗ ∆
♭∪Exc η has only simple normal
crossing singularities whose dual graph is as follows.
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Let υ : W → U be a contraction of η−1∗ Ξ♭. Then we see that U is smooth rational surface which
admits a structure of an elliptic fibration ψ : U → P 1 by the same argument as above, such that there
exists two points t, u ∈ P 1 with ψ∗(t) and ψ∗(u) being singular fibres of type I∗1 and IV respectively.
From the above dual graph, we can see that there exists a smooth rational curve E on U such that
(ψ∗(t), E) = 1 and (ψ∗(u), E) = 3 but which is absurd. Secondarily, we consider the case in which
there exists a conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1. In this case, we note that we have
etop(⌊∆♭⌋) = 3. Let Γ♭ = Γ♭0 + Γ♭1 be the irreducible decomposition. Assume that s = 2. Then we
have d = 0 and ρ(S˜♭) = 4, hence the self-intersection numbers of all the irreducible components of
∆˜♭ are (a) −1, −2, −2, −3 or (b) −1, −1, −3, −3. The case (a) is excluded for if we are in the case
(a), the −1-curve and the (−3)-curve is invariant under the action of the covering transformation
group, but which is absurd. Thus we may assume that (Γ♭0)
2 = 0, (Γ♭1)
2 = −2. Since Pic S♭ ⊗Q is
generated by Γ♭0 and Γ
♭
1, we have Ξ
♭ ∼Q 6Γ♭0 + 2Γ♭1 from (Γ♭i,Ξ♭) = 2 for i = 0, 1, which implies that
(Ξ♭)2 = 16. Thus we have 0 = δK2 − δρ = −2ν(A1)− (2/3)ν(A2/2-ǫ), hence ν(A2) = ν(A2/2-ǫ) = 0
and ν(A2/2-β) = 3. Moreover, since we have degDiffΞ♭ν (Γ
♭) = 4 + 2ν(A2/2-β) = 10, we have
etop(Ξ
♭ν) = 2. Since ϕ♭ is smooth, It is easily seen that Γ♭0 is a fibre, Γ
♭
0 is a section of ϕ
♭ and Ξ♭ is
irreducible, hence Ξ♭ν ≃ P 1. ϕ♭ induces a double cover ϕ♭ : Ξ♭ν → P 1 with at least four branching
point, which contradicts the Hurwitz’s formula. Assume that s = 1. Then we have d = 1 and
ρ(S˜♭) = 3, hence the self-intersection numbers of all the irreducible components of ∆˜♭ are −1, −1,
−2. Assume that LC(S♭,∆♭) ∩ Γ♭0 6= ∅. Then we have (Γ♭0)2 = −1 and (Γ♭1)2 = −1/2 and we see
that Γ♭1 supports an extremal ray with respect to KS♭ +∆
♭. Contracting Γ♭1, this case reduces to the
rank one log del Pezzo case. Assume that s = 0. Then we have d = 2 and ρ(S˜♭) = 2, hence the
self-intersection numbers of all the irreducible components of ∆˜♭ are −1, −1, hence (Γ♭i)2 = −1/2 for
i = 0, 1. By the same way as in the previous argument, we conclude that this case also reduces to
the rank one log del Pezzo case. Thus we get the assertion.
Example 3.1 The example of the case (1) is well known and goes back to [82]. To show the existence,
we only have to take a dual curve of a nodal cubic as Ξ♭. There exists exactly one double tangent by
the Plu¨cker’s formulae. It is also well known that for a suitable choice of homogeneous coordinates, a
defining equation f(X, Y, Z) of a nodal cubic curve can be written as f(X, Y, Z) = Y 2Z−X2(X+Z)
and the defining equation fˆ(X, Y, Z) of its dual curve is calculated to be fˆ(X, Y, Z) = 4X3Z+4X4−
36XY 2Z − 8X2Y 2 − 27Y 2Z2 +4Y 4. (see, for example, [6], p.585, [11], p.131, Exercise (4.7)1 or [43],
1Unfortunately, there is a minor misprint in [11], p131 which says “. . . cuspidal cubic . . . ”. “cuspidal ” should be
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Table 6.8). In particular, we see that such a log surface (S♭,∆♭) is unique up to isomorphisms. As
for the case (2), the existence of a minimal rational elliptic surface with a section ψ : U → P 1 with
Typ(U ;ψ) = I∗1+ II+ I3 is known (see [60]). By the list in [56], we see that MW(Uη) = ZP for some
P ∈ MW(Uη) with < P, P >= 1/12, where MW(Uη) denotes the Mordell-Weil group of the generic
fibre Uη and < ∗, ∗ > denotes the height paring in the Shioda’s sense. Put Q := 3P . Then from the
formula (8.12) in [71], we have
3
4
=< Q,Q >= 2 + 2(QO)−∑
v∈R
contrv(Q),
where we followed the notations in [71]. Let ψ∗(t) = Θt,0 + Θt,1 + Θt,2 + Θt,3 + 2Θt,4 + 2Θt,5 be the
type I∗1 singular fibre and ψ
∗(v) = Θv,0+Θv,1+Θv,2 be the type I3 fibre, where Θt,0 and Θv,0 are the
components which intersect the section (O). From (8.16) in [71], we have
contrt(Q) =


0 if (QΘt,0) = 1,
1 if (QΘt,1) = 1,
5/4 if (QΘt,2) = 1 or (QΘt,3) = 1
and
contrv(Q) =
{
0 if (QΘv,0) = 1,
2/3 if (QΘv,1) = 1 or (QΘv,2) = 1.
Noting that (QO) ∈ Z, we see that (QΘt,2) = 1 or (QΘt,3) = 1 and that (QΘv,0) = 1 and (QO) = 0.
Since ωU = ψ
∗O
P
1(−1), we have 2KU + ψ∗(t + u) ∼ 0, where ψ∗(u) is the type II singular fiber.
Let λ : U → S♭ be the contraction of all the curves (O), (Q), Θt,i (0 ≤ i ≤ 4) and Θv,j (1 ≤ j ≤ 2)
and put ∆♭ := (1/2)λ∗ψ
∗(t+ u). Then (S♭,∆♭) gives an example of the log surfaces of type (2) as in
Proposition 3.6.
Proposition 3.7 Assume that Sing S˜ = A1+2A3. Then there exists a birational morphism λ : U →
S♭ from a smooth projective surface U which admits a structure of an elliptic surface with a section
ψ : U → P 1 which is minimal over P 1. And one of the followings holds.
(1) S♭ ≃ P 2 and Typ(U ;ψ) = I∗1 + III + I2,
(2) S♭ is a rank one Gorenstein log del Pezzo surface with Sing S♭ = 2A1 + A3 and Typ(U ;ψ) =
I∗1 + I1 + I4.
Moreover, ∆♭ U = (1/2)ψ∗(t+u) where ψ∗(t) is the singular fibres of type I∗1 and ψ
∗(u) is the singular
fibres of type III in the case (1), I1 in the case (2).
Proof. The possible singular types of (S♭,∆♭) on S♭\⌊∆♭⌋ are types A3, A0/2, A1/2-α, A1/2-γ, A3/2-
α, A3/2-δ and A3/2-ζ . We note that we have ν(A1/2-α) + ν(A1/2-γ) = 1 and 2ν(A3) + ν(A3/2-α) +
ν(A3/2-δ) + ν(A3/2-ζ) = 2. From δK
2 = ν(A1/2-γ) + ν(A3/2-δ) and δρ = 4 − (Γ♭,Ξ♭) + 3ν(A3) +
ν(A1/2-γ) + 2ν(A3/2-δ) + ν(A3/2-ζ), we obtain δK
2 − δρ = (Γ♭,Ξ♭) − 4 − 3ν(A3) − ν(A3/2-δ) −
ν(A3/2-ζ), hence we have 3ν(A3)+ ν(A3/2-δ)+ ν(A3/2-ζ) = 4− (1/4)(Ξ♭)2. Moreover, since we have
degDiffΞ♭ν (Γ
♭) = (Γ♭,Ξ♭) + 2ν(A1/2-α) + 4ν(A3/2-α) + 2ν(A3/2-ζ), we have etop(Ξ
♭ν) = (Γ♭,Ξ♭) +
2ν(A1/2-α) + 4ν(A3/2-α) + 2ν(A3/2-ζ)− (1/2)(Ξ♭)2. Firstly, we consider the case in which S♭ is a
rank one log del Pezzo surface. In this case, we have d = 3 − s, hence (Γ♭)2 = (3 − s)/2. We note
that we have s = 1 or s = 2 since ρ(S˜♭) = s. Assume that s = 2. Then we have (Γ♭)2 = 1/2, which
is absurd since Γ♭ ∩ Sing S♭ = ∅ by our assumption. Thus we have d = 2, hence (Γ♭)2 = 1 and
“nodal ”.
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(Ξ♭)2 = (Γ♭,Ξ♭)2. We note that (Γ♭,Ξ♭) = 2 or 4 since (Γ♭)2 ∈ Z. Assume that (Γ♭,Ξ♭) = 4. Then we
have 3ν(A3) + ν(A3/2-δ) + ν(A3/2-ζ) = 0, hence we have ν(A3) = ν(A3/2-δ) = ν(A3/2-ζ) = 0 and
ν(A3/2-α) = 2. We note that we have etop(Ξ
♭ν) = 4+2ν(A1/2-α) ≥ 4, so we see that Ξ♭ is reducible
and consists of two or three irreducible components since ρ(S♭) = 1. In fact, we show that Ξ♭ consists
of exactly three irreducible components. Assume that Ξ♭ consists of two irreducible components Ξ♭1
and Ξ♭2. Since we have etop(Ξ
♭ν) ≤ 4, we have ν(A1/2-α) = 0, ν(A1/2-γ) = 1 and Ξ♭ν1 , Ξ♭ν1 ≃ P 1.
We note that we have (Ξ♭1,Ξ
♭
2) = 4 since (Ξ
♭
i)
2 = (Γ♭,Ξ♭i)
2 = 4 for i = 1, 2. Thus we see that there
exists a birational morphism η′ : W ′ → S♭, where W ′ is a rational surface with ρ(W ′) = 14 such that
Supp η′−1∗ ∆
♭ ∪ Exc η′ has only simple normal crossing singularities whose dual graph is as follows.
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F ′
From the above dual graph, we see that there exists a birational morphism υ : W ′ → W to a
rational surface with ρ(W ) = 12 such that η′ factors into υ ◦ η where η : W → S♭ is a birational
morphism and that η−1∗ Ξ
♭ is nef and (η−1∗ Ξ
♭)2 = 0. By the log abundance theorem, some multiple
of η−1∗ Ξ
♭ determines the structure of elliptic fibration with a section ψW : W → P 1. We see that
ψ∗W (u) = η
−1
∗ Ξ
♭ is a singular fibre of type III where u := ψW (η
−1
∗ Ξ
♭). Write ∆♭W = Γ0 + Γ1 +
(1/2)(
∑4
i=1Ei + η
−1
∗ Ξ
♭ + F ), where Γ0 := υ∗Γ
′
0, Γ
′
1 := υ∗Γ
′
1, Ei := υ∗E
′
i (1 ≤ i ≤ 4) and F := υ∗F ′.
Let e0 be a (−1)-curve on W which is contained in a fibre of ψW and let υ0 : W := W0 →W1 be the
contraction of e0. Assume that (e0, F ) = 0. We can see that (e0,
∑4
i=1Ei) < 2 by the semi-negativity
of fiber components. Since we have (e0,∆
♭W ) = (e0,−KW ) = 1, we have (e0,∑4i=1Ei) ∈ 2Z, hence
we obtain (e0,
∑4
i=1Ei) = 0 and (e0,Γ0 + Γ1) = 1. Noting that ρ(W ) = 12, we have (e0,Γ0) = 1 and
(e0,Γ1) = 0. Let ψW1 : W1 → P 1 be the induced morphism from ψ and put t := ψW (Γ0). Then we see
that ψ∗W1(t) is a singular fibre of type I
∗
1. Let e1 be a (−1)-curve on W1 which is contained in a fibre
of ψW1 , υ1 : W1 → W2 be the contraction of e1 and put F (1) := υ0∗F . We note that (e1, F (1)) = 2.
Let ψW2 : W2 → P 1 be the induced morphism from ψW1 and put v := ψW1(F (1)). Then we see that
ψ∗W2(v) is a singular fibre of type II or of type I1 and that 2KW2 + ψ
∗
W2
(t + u + v) ∼ 0. On the
other hand, since ψW2 : W2 → P 1 is a rational elliptic surface with a section which is minimal over
P 1, we have ωW2 = ψ
∗
W2
O
P
1(−1), which is a contradiction. Thus we may assume that (e0, F ) > 0.
In the same way as the above argument, we see that (e0, F ) = 1, hence (e0,
∑4
i=1Ei) = 1. Since
ρ(W ) = 12, we see that (e0, E3) = 1 or (e0, E4) = 1. Say (e0, E4) = 1. By contracting e0 and
E4, we obtain a minimal elliptic fibration such that the singular fibre over t is of type I
∗
1. Thus we
see that ψ∗W (t) = 2Γ0 + 2Γ1 +
∑3
i=1Ei + 3E4 + 4e0 + F. Put G := υ∗G
′. The above decomposition
implies that (ψ∗W (t), G) ≥ 3(E4, G) = 3. On the other hand, we have (ψ∗W (u), G) = 1, but which
is absurd. Thus we conclude that Ξ♭ has three irreducible components assuming (Γ♭,Ξ♭) = 4. Let
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Ξ♭ =
∑3
i=1 Ξ
♭
i be the irreducible decomposition such that (Γ
♭,Ξ♭1) = 2 and (Γ
♭,Ξ♭i) = 1 for i = 2,
3. For i = 2, 3, we have (Ξ♭1 + Ξ
♭
i)
2 = (Γ♭,Ξ♭1 + Ξ
♭
i)
2 = 9, hence (Ξ♭1,Ξ
♭
i) = 2. In the same way, we
have (Ξ♭2 + Ξ
♭
3)
2 = (Γ♭,Ξ♭2 + Ξ
♭
3)
2 = 4, hence (Ξ♭2,Ξ
♭
3) = 1. Thus we infer that ν(A1/2-α) = 1 and
ν(A1/2-γ) = 0, that is, S
♭ ≃ P 2, Ξ♭1 is a conic and Ξ♭i is a line for i = 2, 3. Moreover there exists
a birational morphism η : W → S♭ from a smooth rational surface W with ρ(W ) = 12 such that
Supp η−1∗ ∆
♭ ∪ Exc η has only simple normal crossing singularities whose dual graph is as follows.
❞
(−2; 1/2)
✓
✓
✓✓
t(−2; 1)
❞
(−2; 1/2)
❙
❙
❙❙
❞(−2; 1)❙❙
❙
❞(−2; 1/2)
✓
✓
✓
❞(−2; 1/2) ❞(−1; 0) t(−4; 1/2)
❅
❅
❅
❅
❅❅
❞
(−1; 0)
t (−4; 1/2)  
 
 
  
❞(−1; 0) ❞(−2; 0)
❞(−1; 0)
❞(−1; 0) ❞(−2; 0)
We see that there exists a birational morphism λ : W → U to a smooth rational surface U with
ρ(U) = 10 such that λ−1∗ Ξ
♭ is nef and (λ−1∗ Ξ
♭)2 = 0. Thus we get a rational elliptic surface with a
section ψ : U → P 1 which is minimal over P 1 with singular fibres ψ∗(t) of type I∗1 and ψ∗(u) of type
III. Noting that we have
∑
v 6=t,u etop(ψ
−1(v)) = 2 and that there exists a singular fibre ψ∗(v) whose
dual graph contains a subgraph of type A1, we see that ψ
∗(v) is of type I2 and ψ is smooth over P
1\{t,
u, v}. Thus we see that we are in the case (1). Assume that (Γ♭,Ξ♭) = 2. Then we have (Ξ♭)2 =
(Γ♭,Ξ♭)2 = 4, which implies that Ξ♭ is irreducible, and 3ν(A3) + ν(A3/2-δ) + ν(A3/2-ζ) = 3. Since
we have ν(A3/2-δ)+ ν(A3/2-ζ) ≤ 2, we see that ν(A3) = 1, ν(A3/2-α) = ν(A3/2-δ) = ν(A3/2-ζ) = 0
and we get etop(Ξ
♭ν) = 2ν(A1/2-α). We note that ν(A1/2-α) = 0 or 1 but in fact we can show
that ν(A1/2-α) = 1 as follows. Assume that ν(A1/2-α) = 0. Then we have ν(A1/2-γ) = 1 and
etop(Ξ
♭ν) = 0, hence Ξ♭ is a smooth elliptic curve. We see that there exists a birational morphism
η : W → S♭ from a smooth rational surface W with ρ(W ) = 11 such that Supp η−1∗ ∆♭ ∪ Exc η has
only simple normal crossing singularities whose dual graph is as follows.
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❞(−2; 1)❙❙
❙
❞(−2; 1/2)
✓
✓
✓
❞(−2; 1/2) ❞(−1; 0) t(0; 1/2)
❞(−2; 0)
❞(−2; 0)
❞(−2; 0)
❞(−4; 1/2)
F
Some multiple of η−1∗ Ξ
♭ determines an elliptic fibration ψW : W → P 1 with a section. Let
e0 be a (−1)-curve on W which is contained in a fibre of ψW . Then we have (e0, F ) = 2 from
2(KW +∆
♭W ) ∼ 0. Let υ : W → U be the contraction e0 and ψ : U → P 1 be the induced morphism
ψW . Then ψ is minimal since ρ(U) = 10 and υ∗F supports a singular fibre of type I1 or II. We see
that υ∗∆
♭W = (1/2)ψ∗(t + u + v), where ψ∗(t) is a singular fibre of type I∗1, ψ
∗(u) = υ∗η
−1
∗ Ξ
♭ and
ψ∗(v) = υ∗F , but which is absurd since ωU = ψ
∗O
P
1(−1). Thus we conclude that ν(A1/2-α) = 1,
ν(A1/2-γ) = 0, hence etop(Ξ
♭) = 2, that is, Ξ♭ ≃ P 1. We see that there exists a birational morphism
λ : U → S♭ from a smooth rational surface U with ρ(U) = 10 such that Supp λ−1∗ ∆♭ ∪ Exc λ has
only normal crossing singularities whose dual graph is as follows.
❞
(−2; 1/2)
✓
✓
✓✓
t(−2; 1)
❞
(−2; 1/2)
❙
❙
❙❙
❞(−2; 1)❙❙
❙
❞(−2; 1/2)
✓
✓
✓
❞(−2; 1/2) ❞(−1; 0) t(0; 1/2)
✫✪
✬✩
❞(−2; 0)
❞(−2; 0)
❞(−2; 0)
Some multiple of λ−1∗ Ξ
♭ determines a minimal elliptic fibration with a section ψ : U → P 1 with
singular fibres ψ∗(t) of type I∗1 and ψ
∗(u) of type I1. Since we have
∑
v 6=t,u etop(ψ
−1(v)) = 4 and
there exists a singular fibre ψ∗(v) whose dual graph has a subgraph of type A3, we see that ψ
∗(v)
is of type I4 and ψ is smooth except over t, u and v. Thus we are in the case (2). Secondarily, we
consider the case in which S♭ has a structure of a conic fibration ϕ♭ : S♭ → P 1. In this case, we have
d = 1− s, hence (Γ♭)2 = (1− s)/2. Assume that s = 2. Then we have (Γ♭)2 = −1/2, which is absurd
since Γ♭ ∩ Sing S♭ by our assumption. Assume that s = 1. Then we have ρ(S˜♭) = 3, hence the self-
intersection numbers of all the irreducible components of ∆˜♭ are −1, −2 and −3, which implies that
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all the irreducible components of ∆˜♭ are invariant under the action of the covering transformation
group. This contradicts the assumption s = 1. Thus we conclude that s = 0. Since ρ(S˜♭) = 2, the
self-intersection numbers of all the irreducible components of ∆˜♭ are −1 and −2. Thus we infer that
there exists an irreducible component Γ♭0 ⊂ Γ♭ such that (Γ♭0)2 = −1/2. Contracting Γ♭0, our case
reduces to the rank one log del Pezzo case.
Example 3.2 By [60], there exists minimal rational elliptic surface with a section ψ : U → P 1 with
Typ(U ;ψ) = I∗1 + I1 + I4 from which we can easily construct an example of (S
♭,∆♭) in (2). We can
also construct an example of (S♭,∆♭) in (1) from a pair (P 1, line+(1/2)line+(1/2)line+(1/2)conic)
with properly chosen alignment.
Proposition 3.8 Assume that Sing S˜ = A5 + A2 + A1. Then S
♭ is a rank one Gorenstein log del
Pezzo surface with Sing S♭ = A1 and there exists a birational morphism λ : U → S♭ from a smooth
projective surface U such that U admits a structure of elliptic surface with a section ψ : U → P 1
which is minimal over P 1 with Typ(U ;ψ) = I∗1 + II + I3 and that ∆
♭ U = (1/2)ψ∗(t+ u) where ψ∗(t)
and ψ∗(u) are the singular fibres of type I∗1 and II respectively.
Proof. The possible singular types of (S♭,∆♭) on S♭ \ ⌊∆⌋ are types A0/2, A1/2-α, A1/2-γ, A2/2-β,
A2/2-ǫ, A5/2-α, A5/2-δ and A5/2-ζ . We note that ν(A1/2-α) + ν(A1/2-γ) = 1, ν(A2/2-β) +
ν(A2/2-ǫ) = 1 and ν(A5/2-α)+ν(A5/2-δ)+ν(A5/2-ζ) = 1. Firstly we consider the case in which S
♭ is
a rank one log del Pezzo surface. Assume that s = 2. Then we have ρ(S˜♭) = 2 and the self-intersection
numbers of all the irreducible components of ∆˜♭ are −1 and −3, which is absurd. Thus we have s = 1,
hence ρ(S˜♭) = 1. Since d = 1, we have (Γ♭)2 = 1/2, hence (Γ♭,Ξ♭) = 3, (Ξ♭)2 = 18 and δK2−δρ = −1.
From δK2 = ν(A1/2-γ) + (1/3)ν(A2/2-ǫ) + ν(A5/2-δ) and δρ = 1 + ν(A1/2-γ) + ν(A2/2-ǫ) +
3ν(A5/2-δ)+3ν(A5/2-ζ) we obtain δK
2−δρ = −1−(2/3)ν(A2/2-ǫ)−2ν(A5/2-δ)−3ν(A5/2-ζ). Thus
we get (2/3)ν(A2/2-ǫ)+2ν(A5/2-δ)+3ν(A5/2-ζ) = 0, hence ν(A2/2-ǫ) = ν(A5/2-δ) = ν(A5/2-ζ) = 0
and ν(A2/2-β) = ν(A5/2-α) = 1. Moreover, since we have
deg DiffΞ♭ν (Γ
♭) = 3 + 2ν(A1/2-α) + 2ν(A2/2-β) + 6ν(A5/2-α)
= 11 + 2ν(A1/2-α),
we have etop(Ξ
♭ν) = deg DiffΞ♭ν (Γ
♭)− 9 = 2+2ν(A1/2-α). The number of irreducible components of
Ξ♭ is one or two. Firstly, we shall show that Ξ♭ consists of two irreducible components. Assume that
Ξ♭ is irreducible. Then since we have etop(Ξ
♭ν) ≤ 2, we have ν(A1/2-α) = 0 and ν(A1/2-γ) = 1.
Thus we see that there exists a birational morphism η′ : W ′ → S♭ from a smooth rational surface
W ′ with ρ(W ′) = 15 such that Supp η′−1∗ ∆
♭ ∪ Exc η′ has only simple normal crossing singularities
whose dual graph is as follows.
❞
(−2; 1/2)
✓
✓
✓✓
t(−3; 1)
❞
(−2; 1/2)
❙
❙
❙❙
❞(−2; 1)❙❙
❙
❞(−2; 1/2)
✓
✓
✓
❞(−2; 1/2) ❞(−1; 0)
❅
❅
❅
❅
❅
❅
❞
(−1; 0)
 
 
 
 
 
 
t(−6; 1/2)❞(−1; 0)
G′
❞(−2; 0)❞(−2; 0) ❞ (−1;−1)✓✓
✓✓
❙
❙
❙❙
❞(−3; 0)
❞(−2;−1/2)
❞(−4; 1/2)
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From the above dual graph, we see that there exists a birational morphism υ : W ′ → W to a
rational surface W with ρ(W ) = 12 such that η′ factors into η ◦ υ where η : W → S♭ is a birational
morphism and that (η−1∗ Ξ
♭)2 = 0. We note that ∆♭W ≥ 0. Some multiple of η−1∗ Ξ♭ determines an
elliptic fibration ψW :W → P 1 with a section such that ψ∗W (u) = η−1∗ Ξ♭ is a singular fibre of type II.
Put G := υ∗G
′. Since (G,ψ∗W (u)) = (G, η
−1
∗ Ξ
♭) = 2 we have (G,ψ∗(t)) = 2, where t := ψW (η
−1
∗ Γ
♭).
On the other hand, by the previous argument in the proof of Proposition 3.7, we have (G,ψ∗W (t)) ≥ 4,
which is a contradiction. Thus we conclude that Ξ♭ consists of two irreducible components. Let
Ξ♭ = Ξ♭1+Ξ
♭
2 be the irreducible decomposition such that (Γ
♭,Ξ♭1) = 2 and (Γ
♭,Ξ♭2) = 1. We note that
since we have (Ξ♭1)
2 = 2(Γ♭,Ξ♭1)
2 = 8 and (Ξ♭2)
2 = 2(Γ♭,Ξ♭2)
2 = 2, we have 18 = (Ξ♭)2 = 10+2(Ξ♭1,Ξ
♭
2),
hence (Ξ♭1,Ξ
♭
2) = 4, which implies that ν(A1/2-α) = 1 and ν(A1/2-γ) = 0, hence etop(Ξ
♭ν) = 4, that
is, Ξ♭νi ≃ P 1 (i = 1, 2). From KS♭ + Ξ♭2 + Γ♭ + (1/2)Ξ♭1 ∼Q (1/2)Ξ♭2, we obtain
degDiffΞ♭ν
2
(Γ♭ +
1
2
Ξ♭1) = etop(Ξ
♭ν
2 ) +
1
2
(Ξ♭2)
2 = 3.
On the other hand, we have
degDiffΞ♭ν
2
(Γ♭ +
1
2
Ξ♭1) = (Γ
♭,Ξ♭2) +
1
2
(Ξ♭1,Ξ
♭
2) + deg DiffΞ♭ν
2
(0)
= 3 + degDiffΞ♭ν
2
(0).
Thus we get deg DiffΞ♭ν
2
(0) = 0 and consequently, we infer that the type A2/2-β point lies on Ξ
♭
1.
Thus we see that there exists a birational morphism η : W → S♭ from a smooth rational surface W
with ρ(W ) = 13 such that Supp η−1∗ ∆
♭ ∪ Exc η has only simple normal crossing singularities whose
dual graph is as follows.
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❅
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We see that there exists a birational morphism υ : W → U to a rational surface with ρ(U) = 10
and ∆♭U ≥ 0 such that η factors into λ◦υ, where λ : U → S♭ is a birational morphism and that λ−1∗ Ξ♭
is nef with (λ−1∗ Ξ
♭)2 = 0. Some multiple λ−1∗ Ξ
♭ determines an elliptic fibration ψ : U → P 1 and we
see that Typ(U ;ψ) = I∗1+ II+ I3 as in the same way in the proof of Proposition 3.6. Secondarily, we
consider the case in which there exists a structure of a conic fibration ϕ♭ : S♭ → P 1. Assume that
s = 2. Then we have ρ(S˜♭) = 4 and the self-intersection numbers of all the irreducible components
are (a) −1, −2, −2 and −5, (b) −1, −2, −3 and −4 or (c) −1, −1, −3 and −5, which is absurd
with the assumption s = 2. Assume that s = 1. Then we have ρ(S˜♭) = 3 and the self-intersection
numbers of all the irreducible components are −1, −2 and −4, which is absurd with the assumption
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s = 1. Assume that s = 0. Then we have ρ(S˜♭) = 2 and the self-intersection numbers of all the
irreducible components are −1, −3. Thus we see that there there exists an irreducible component
Γ♭0 ⊂ Γ♭ such that (Γ♭0)2 = −1/2. Contracting Γ♭0, our case reduces to the rank one log del Pezzo
case. Thus we get the assertion.
Example 3.3 We shall follow the notations in Example 3.1. By [71], Theorem 8.6, (8.12), we have
1
12
=< −P,−P >= 2 + 2((−P ), (O))− contrt(−P )− contrv(−P )
and ((−P ), (O)) ∈ Z, we see that ((−P ),Θt,i) = 1 for i = 2 or 3 and that ((−P ),Θv,j) = 1 for j = 1
or 2, hence ((−P ), (O)) = 0. From [71], Theorem 8.6, (8.11), we have
−1
4
=< −P,Q >= 1− ((−P ), (Q))− contrt(−P,Q).
Noting that by [71], (8.16),
contrt(−P,Q) =
{
5/4 if (−P ) and (Q) intersects the same components of ψ∗(t)
3/4 otherwise
and ((−P ), (Q)) ∈ Z, we infer that ((−P ), (Q)) = 0 and ((−P ),Θt,i) = ((Q),Θt,i) = 1 for i = 2
or 3. Let λ : U → S♭ be the contraction of all the curves (O), (−P ), (Q), {Θt,j |j 6= i, 5} and
{Θv,k|k = 1, 2} and put ∆♭ := (1/2)λ∗ψ∗(t+ u). Then (S♭,∆♭) gives an example of the log surfaces
as in Proposition 3.8.
Proposition 3.9 Assume that Sing S˜ = 4A1. Then one of the following holds.
(1) S♭ ≃ P 1×P 1 and ∆♭ = ∑1i=0 Γ♭i + (1/2)∑4j=1 Ξ♭j, where Γ♭0, Ξ♭j are fibres of the first projection
for j = 1, 2 and Γ♭1, Ξ
♭
j are fibres of the second projection for j = 3, 4.
(2) (S♭,∆♭) is log terminal and S♭ has a structure of conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1
and Typ(S♭,∆♭;ϕ♭) = ((I-2)∞ + (I-2)1 + (II-1)2; (II-1)1) possibly after operating S-elementary
transformations. ∆♭ = Γ♭0+Γ
♭
1+(1/2)Ξ
♭, where Γ♭0 is a smooth rational curve with (Γ
♭
0, ϕ
♭∗(t)) =
2 for t ∈ P 1 and (Γ♭0)2 = 0, Γ♭1 and Ξ♭ are fibres of ϕ♭ with reduced structure.
(3) S♭ is a rank one Gorenstein log del Pezzo surface with Sing S♭ = A1 and there exists a birational
morphism λ : U → S♭ from a smooth projective surface U such that U admits a structure of
elliptic surface with a section ψ : U → P 1 which is minimal over P 1 with Typ(U ;ψ) = I∗2+2I1
and that ∆♭ U = (1/2)ψ∗(t + u) where ψ∗(t) and ψ∗(u) are the singular fibres of type I∗2 and I1
respectively.
Proof. Firstly, we consider the case in which S♭ is a rank one log del Pezzo surface. In this case,
since we have s = ρ(S˜♭) ≥ 2, we have s = 2 and (Γ♭,Ξ♭) = 4, hence d = 4 by (3.9), (Γ♭)2 = 2 and
(Ξ♭)2 = 8 by (3.6). The possible of singular types on S♭ \ ⌊∆♭⌋ are types A1, A0/2, A1/2-α, A1/2-γ.
We note that we have 2ν(A1)+ν(A1/2-α)+ν(A1/2-γ) = 4. Since we have δK
2 = ν(A1/2-γ) and δρ =
ν(A1)+ν(A1/2-γ), we have δK
2−δρ = −ν(A1). On the other hand, we have δK2−δρ = −1 by (3.5).
Thus we obtain ν(A1) = 1 and ν(A1/2-α) + ν(A1/2-γ) = 2. Noting that we have degDiffΞ♭ν (Γ
♭) =
4+ 2ν(A1/2-α), we obtain etop(Ξ
♭ν) = 2ν(A1/2-α). We shall show that Ξ
♭ is reducible. Assume the
contrary. Since we have etop(Ξ
♭ν) = 2ν(A1/2-α) ≤ 2, we have ν(A1/2-α) ≥ 1, hence ν(A1/2-γ) ≥ 1.
Therefore, we see that there exists a birational morphism η : W → S♭ from a smooth rational
surface with ρ(W ) = 10 + ν(A1/2-γ) such that ∆
♭W ≥ 0, (∆♭W − (1/2)η−1∗ Ξ♭, η−1∗ Ξ♭) = 0 and
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(η−1∗ Ξ
♭)2 = 0. Some multiple of η−1∗ Ξ
♭ defines an elliptic fibration with a section ψW : W → P 1.
Put t := ψW (η
−1
∗ Γ
♭) and u := ψW (η
−1
∗ Ξ
♭). We see that ψ∗W (t) is a singular fibre of type I
∗
2 and
ψ∗W (u) is a singular fibre of type I0, if ν(A1/2-γ) = 2, of type I1, if ν(A1/2-γ) = 1, in particular,
ψW is minimal over t and u. Consequently, we can write KW + (1/2)ψ
∗
W (t + u) + (1/2)F ∼Q 0,
where F is a sum of disjoint (−4)-curves which comes from the minimal resolution of singularities
of type A1/2-γ. Let ψ : U → P 1 be the minimal model of ψW and υ : W → U be the induced
morphism. Then we have KU + (1/2)ψ
∗(t + u) + (1/2)υ∗F ∼Q 0 which implies that υ∗F = 0 since
ωU ≃ ψ∗OP 1(−1). Thus we have KW + (1/2)ψ∗W (t+ u) + (1/2)F = υ∗(KU + (1/2)ψ∗(t+ u)), hence
KW + (1/2)F = υ
∗KU , but which is absurd. Thus we conclude that Ξ
♭ is reducible. We note that
we can write Ξ♭ = Ξ♭1 + Ξ
♭
2, where Ξ
♭
i are irreducible curves with (Γ
♭,Ξ♭i) = 2 and hence (Ξ
♭
i)
2 = 2
by (3.6) for i = 1, 2. From 8 = (Ξ♭)2 = 4 + 2(Ξ♭1,Ξ
♭
2), we have (Ξ
♭
1,Ξ
♭
2) = 2, hence ν(A1/2-α) = 2
and ν(A1/2-γ) = 0. Thus we see that there exists a birational morphism λ : U → S♭ from a
smooth rational surface with ρ(U) = 10 such that ∆♭U ≥ 0 and (∆♭U − λ−1∗ Ξ♭, λ−1∗ Ξ♭) = 0, λ−1∗ Ξ♭
is nef and (λ−1∗ Ξ
♭)2 = 0. Some multiple defines an elliptic fibration with a section ψ : U → P 1
which is necessarily minimal over P 1 such that ψ∗W (t) is a singular fibre of type I
∗
2, ψ
∗
W (u) is a
singular fibre of type I2, where t := ψW (λ
−1
∗ Γ
♭) and u := ψW (λ
−1
∗ Ξ
♭). Noting that there exists a
singular fibre ψ∗(v) whose dual graph contains a Dynkin diagram of type A1 as a subgraph and
that we have
∑
v 6=t,u etop(ψ
−1(v)) = 2, we infer that ψ∗(v) is of type I2 and ψ is smooth over
P 1 \ {t, u, v}. Thus we conclude that we are in the case (2). Secondarily, we consider the case
in which there exists a structure of a conic fibration ϕ♭ : S♭ → P 1 with ρ(S♭/P 1) = 1. Let
Γ♭ = Γ♭0 + Γ
♭
1 be the irreducible decomposition. We note that we have d = 4 − s by (3.9), hence
we have (Γ♭)2 = 2 − (1/2)s and (Γ♭0)2 + (Γ♭1)2 = −(1/2)s. Since we have δK2 = ν(A1/2-γ) and
δρ = ν(A1)+ν(A1/2-γ)+4− (Γ♭,Ξ♭), we have δK2−δρ = −ν(A1)−4+(Γ♭,Ξ♭). On the other hand,
we have δK2−δρ = (Γ♭,Ξ♭)+(1/4)(Ξ♭)2−6−(1/2)s by (3.5), hence we obtain (Ξ♭)2 = 8+2s−4ν(A1).
Combining this with (3.4), we obtain etop(Ξ
♭ν) = (Γ♭,Ξ♭)− 4− s+ 2ν(A1) + 2ν(A1/2-α). We note
that if ρ(S˜♭) = 2, (S♭,∆+(ϕ♭; t)) ⊂ ⌊∆♭−
ϕ♭
(t)⌋ is log canonical and Supp⌊DiffC
ϕ♭
(t)(∆
♭−
ϕ♭
(t))⌋ ⊂ ⌊∆♭−
ϕ♭
(t)⌋
for any t ∈ P 1 by the same argument as in the proof of Lemma 3.8. Assume that (Γ♭0, ϕ♭∗(t)) = 2
for t ∈ P 1. Then Γ♭1 and Ξ♭ are contained in fibres of ϕ♭, hence s = 0 and ρ(S˜♭) = 2. Therefore,
ϕ has only fibres of type (I-2)b and (II-1)b by Lemma 3.3. We note that ϕ
♭∗(ϕ♭(Γ♭1)) is a fibre
of type (I-2)∞. Since ϕ
♭ induces a double cover ϕ♭ : Γ♭0 → P 1, ϕ♭ has exactly one fibre of type
(I-2)1 by Hurwitz’s formula. Thus we conclude that ϕ
♭ has exactly one fibre of type (II-1)2 since∑
p∈Γ♭
0
mp(Γ
♭
0,∆
♭ − Γ♭0) = 2 and the other fibres are of type (II-1)1, hence we are in the case (2).
Assume that (Γ♭0, ϕ
♭∗(t)) = 1 for t ∈ P 1. We shall show that Γ♭1 is contained in a fibre. Assume the
contrary. Then (Ξ♭)2 = 0, hence s = 0, which implies ν(A1) = 2. Take type A1 point p ∈ S♭ \ ⌊∆♭⌋
and take Cϕ♭(t) passing through p. Since S
♭ has only Du Val singularities of type A1, we can write
ϕ♭(t) = 2Cϕ♭(t), hence (Γ
♭
i, Cϕ♭(t)) = 1/2 for i = 0, 1. From (KS♭ + Γ
♭, Cϕ♭(t)) = 0, we have
degDiffC
ϕ♭
(t)(Γ
♭) = 2, which implies mp(Cϕ♭(t); Γ
♭) = 0. Thus we get absurdity and we conclude that
Γ♭1 is contained in a fibre. We note that (Γ
♭
0)
2 = −(1/2)s, hence the case s = 1 reduces to the case
in which S♭ is rank one log del Pezzo surface by contracting Γ♭0. Let Ξ
♭
h be the horizontal part of
Ξ♭ with respect to ϕ♭. Assume that s = 0. In this case, we may assume that Ξ♭h is reducible for if
Ξ♭h is irreducible, since ϕ
♭ has only fibres of type (I-1)1, (I-1)2 and (I-3)1, we have ν((I-1)2) = 0 and
ν((I-3)1) = 2, hence (Ξ
♭
h)
2 = 0 by applying Hurwitz’s formula to the double cover ϕ♭ : Ξ♭h → P 1,
thus some multiple defines another conic fibration ϕˇ♭ : S♭ → P 1 with (Γ♭1, ϕˇ♭∗(t)) = 2, which case
was already considered. Assuming that Ξ♭h is reducible, we see that ϕ
♭ has only fibres of type (I-2)b
(b = 1, 2, ∞). Thus we see that we are in the case (1). Assume that s = 2. Since Γ♭0 is a section of
ϕ♭ which does not pass through any singular point of S♭, ϕ♭ is smooth, hence ν(A1) = ν(A1/2-γ) = 0
and ν(A1/2-α) = 4, which implies that (Ξ
♭)2 = 12 and etop(Ξ
♭ν) = 6. We see that Ξ♭ is reducible.
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Let Ξ♭ = Ξ♭1 + Ξ
♭
2 be the irreducible decomposition of (Γ
♭
0,Ξ
♭
1) = 2 and (Γ
♭
1,Ξ
♭
2) = 2. Since Ξ
♭
1 is not
a fibre of ϕ♭, (Γ♭1,Ξ
♭
1) > 0, which contradicts (KS♭ +∆
♭,Γ♭1) = 0.
Example 3.4 The existence of minimal rational elliptic surface with a section ψ : U → P 1 with
Typ(U ;ψ) = I∗2 + 2I2 is known (see [60]). From the list in [56], we see that MW(Uη) = (Z/2Z)
⊕2.
Take P ∈ MW(Uη) \ {0}. From [71], Theorem 8.6, (8.12), we have
0 =< P, P >= 2 + 2(PO)− contrt(P )− contru(P )− contrv(P ),
hence
(PO) =
1
2
(contrt(P ) + contru(P ) + contrv(P ))− 1.
Let ψ∗(t) =
∑3
i=0Θt,i + 2
∑6
i=4Θt,i be the type I
∗
2 singular fibre with (Θt,5,Θt,i) = 0 for any i such
that 0 ≤ i ≤ 3, ψ∗(u) = Θu,1+Θu,i, ψ∗(t) = Θu,1+Θu,i be the type I2 singular fibre and assume that
the 0-section intersects Θt,0, Θu,0 and Θv,0. Then from [71], (8.16), we have
contrt(P ) =


0 if (PΘt,0) = 1,
1 if (PΘt,1) = 1,
3/2 otherwise
and contrv′(P ) =
{
0 if (PΘv′,0) = 1,
1/2 if (PΘv′,1) = 1
for v′ = u, v. Since contrt(P ) + contru(P ) + contrv(P ) ∈ 2N , there exists exactly two types of P ,
(1) (PΘt,1) = 1, (PΘu,1) = 1 and (PΘv,1) = 1 or (2) (PΘt,i) = 1 for some i > 1, (PΘu,1) = 1 and
(PΘv,0) = 1. Take two elements P , Q ∈ MW(Uη) \ {0} which is distinct from each other. Assume
that both of P and Q are of type (1). Then from [71], Theorem 8.6, (8.11), we have
0 =< P,Q >= 1− (PQ)− contrt(P,Q)− contru(P,Q)− contrv(P,Q),
hence (PQ) = −1 from [71], (8.16), which is absurd. Consequently, there exists P ∈ MW(Uη) of
type (2). We may assume that (PΘv,0) = 1. Let λ : U → S♭ be the contraction of all the curves
(O), (P ), {Θt,i|i 6= 5} and {Θv,j |j = 1, 2} and put ∆♭ := (1/2)λ∗ψ∗(t + u). Then (S♭,∆♭) gives an
example of the log surfaces as in Proposition 3.9.
4 Generalized local fundamental groups for analytic singu-
larities with Q-divisors
In this section, we give a theory to calculate local fundamental groups from differents. Let us review
here the theory due to Prill. For a germ of normal complex analytic spaces (X, p), put Reg X :=
projlimp∈U ;openReg U , where Reg U is the smooth loci of U . πloc1 (Reg X) := projlimp∈U ;openπ1(Reg U)
called the local fundamental group for (X, p). We denote by πˆloc1 (Reg X) its profinite completion which
is called the local algebraic fundamental group of (X, p). Let Σ be an analytically closed proper subset
of X . According to Prill ([61], §IIB), there exists a contractible open neighbourhood U of p such that
there exists a neighbourhood basis {Uλ}λ∈Λ of p satisfying the condition that Uλ \Σ is a deformation
retract of U \ Σ for any λ ∈ Λ. By the definition, we have π1(U \ Σ) = projlimp∈U ;openπ1(U \ Σ).
We call such U as above a Prill’s good neighbourhood with regard to Σ and we say that {Uλ}λ∈Λ is
a neighbourhood basis associated with U . Recall that Uλ is also a Prill’s good neighbourhood with
regard to Σ and for any two Prill’s good neighbourhood U and U ′, U \ Σ and U ′ \ Σ have the same
homotopy type. In particular, we have πloc1 (Reg X) ≃ π1(Reg U) for a Prill’s good neighbourhood
U with regard to Sing X .
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4.1 B(D)-local fundamental groups
In this section, we introduce a generalized local fundamental group for a pair consisting of a germ
of a normal complex analytic space and a Weil divisor on it, which turns out to appear canonically
when we calculate local fundamental groups from differents. To introduce the generalized notion of
local fundamental groups, let us briefly review here the theory of universal ramified coverings due to
M. Kato ([28]), M. Namba ([55]) and J.P. Serre ([69], Appendix 6.4) according to M. Namba. Let
B be an integral effective divisor on a connected complex manifold M and let B :=
∑
i∈I biBi be the
irreducible decomposition of B. Fix a base point x ∈ M \ Supp B and let γi be a loop which starts
from x and goes around Bi once in a counterclockwise direction with the center being a smooth point
of Supp B on Bi. Let N (M,B, x) ⊂ π1(M \ Supp B, x) denote the normal subgroup generated by
all the conjugates of the loops {γbii }i∈I . Recall that N (M,B, x) is known to be independent from
the choice of such loops. We define a B-fundamental group of M by putting
πB1 (M,x) := π1(M \ Supp B, x)/N (M,B, x).
Here, let us fix our terminology from the category theory. By a projective system, we mean a
category I such that Hom I(λ, µ) is empty or consists of exactly one element fλ,µ satisfying fλ,µ ◦
fµ,ν = fλ,ν for any λ, µ, ν ∈ Ob I. An object α ∈ Ob I ( resp. ω ∈ Ob I ) is called an initial object
( resp. a final object ) if Card Hom I(α, λ) = 1 ( resp. Card Hom I(λ, ω) = 1) for any λ ∈ Ob I.
A projective system I is said to be cofilterd if, for any given two objects λ, µ ∈ Ob I, there exists
ν ∈ Ob I with Card Hom I(ν, λ) = Card Hom I(ν, µ) = 1. A covariant functor Φ : I◦ → I ′◦
between injective systems I◦ and I ′◦ is said to be cofinal, if, for any given λ′ ∈ Ob I ′◦, there exists
λ ∈ Ob I◦ such that Card Hom I′◦(λ′,Φ(λ)) = 1. We shall also say that a projective subsystem I ′
in a projective system I is cofinal in I if the dual embedding functor from I ′◦ to I◦ is cofinal. (see
[2], Appendix (1.5), [25], Expose´ I, Definition 2.7 and Definition 8.1.1). A finite covering f : N →M
from a connected normal complex analytic space N which is e´tale over M \ Supp B is said to be
branching at most (resp. branching ) at B, if the ramification index eB˜i,j (f) of f at any prime
divisor B˜i,j such that f(B˜i,j) = Bi divides (resp. is equals to ) bi for any i ∈ I. Let FC≤B(M)
(resp. FCB(M) ) denote the category of finite coverings over M branching at most (resp. branching
) at B. Let FGC≤B(M) (resp. FGCB(M) denote the full subcategory of FC≤B(M) whose objects
consists of Galois covers over M . Triplet (N, f, y), where (N, f) ∈ Ob FC≤B(M) and y ∈ f−1(x) are
called pointed finite coverings branching at most at B. Pointed finite coverings branching at most at
B and morphisms fλ,µ ∈ HomFC≤B(M)((Nµ, fµ), (Nλ, fλ)) such that fλ,µ(yµ) = yλ, where (Nµ, fµ, yµ)
and (Nλ, fλ, yλ) are two pointed finite coverings branching at most at B form a projective system
denoted by FC≤B(M)p. We also define the projective subsystems F (G)C(≤)B(M)p in the same way.
From [55], Lemma 1.3.1, Theorem 1.3.8 and Theorem 1.3.9, we see that there exists a canonical
functor Ψ from FC≤B(M)p to the projective system of subgroups of finite indices in πB1 (M,x) such
that
Ψ((N, f, y)) = f∗π1(N \ Supp f−1B, y)/N (M,B, x) ⊂ πB1 (M,x)
for (N, f, y) ∈ ObFC≤B(M)p and that the functor Ψ defines an equivalence between the above two
projective systems. Thus by using the basic group theory, we obtain the following lemma.
Lemma 4.1 FGC≤B(M)p ( resp. FGCB(M)p ) is cofilterd and cofinal in FC≤B(M)p ( resp.
FCB(M)p ) and hence in particular, FGCB(M)p is cofinal in FGC≤B(M)p if FGCB(M)p is not
empty.
Remark 4.1 Let πB1 (M,x)
∧ denote the profinite completion of πB1 (M,x) called the B-algebraic
fundamental group of M . Assume that FGCB(M)p is not empty. Then by Lemma 4.1, we have
πB1 (M,x)
∧ ≃ projlim(N,f,y)∈ObFGCB(M)pGal (N/M),
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where Gal (N/M) := πB1 (M,x)/f∗π
B
1 (N, y).
In what follows, we shall use the following notation. Let X be a normal Stein space or a germ of
normal complex analytic spaces with a point p ∈ X . Weil X is the free abelian group generated by
prime divisors on X and Div X is the subgroup of Weil X generated by Cartier divisors. DivQX is
the Q-submodule of Weil X ⊗Q generated by Div X . Let f : Y → X be a finite morphism between
normal Stein spaces or germs of normal complex analytic spaces. The pull-back homomorphism
f ∗ : Weil X →Weil Y canonically extends to a homomorphism f ∗ : Weil X ⊗Q→Weil Y ⊗Q.
Definition 4.1 For a germ of normal complex analytic spaces (X, p) and B ∈Weil X , we define a
B-local fundamental group of X with respect to B as follows:
πB1,loc(Reg X) := projlimp∈U ;openπ
B
1 (Reg U).
Moreover, by πB1,loc(Reg X)
∧, we mean the profinite completion of πB1,loc(Reg X).
Remark 4.2 We note that apparently, we have πB1,loc(Reg X) = π
loc
1 (Reg X) and if B is reduced.
Definition 4.2 For D ∈ Weil X ⊗Q, a finite surjective morphism f : Y → X , where Y is a germ
of irreducible normal complex analytic spaces such that f ∗D ∈Weil Y is called a integral cover with
respect to D. A integral cover f : Y → X with respect to D is called a strict integral cover, if
eΓ˜(f) = eΓ(D) for any prime divisors Γ˜ on Y and Γ on X such that f(Γ˜) = Γ, where eΓ˜(f) denotes
the ramification index of f at Γ˜ and eΓ(D) := [Z(multΓD) : Z(multΓD) ∩Z] ∈ N . By Intm(X ;D)
( resp. Int†(X ;D) ), we mean a category of integral covers ( resp. a category of strict integral covers
) with respect to D. We shall also define categories Intm(†)(G)(X ;D)(p) similarly as before.
Let X be an arcwise connected, locally arcwise connected, Hausdorff topological space, A con-
tinuous map f : Y → X from a Hausdorff topological space Y with discrete finite fibres is called a
finite topological covering if for any x ∈ X , there exists an arcwise connected open neighbourhood U
of x ∈ X such that the restriction of π to each arcwise connected component of of π−1(U) gives a
homeomorphism onto U . The following lemma is nothing but a consequence from the first covering
homotopy theorem (see [75], 11.3).
Lemma 4.2 Let f : Y → X be a connected finite topological covering. Assume that X is paracompact
and let Z ⊂ X be a topological subspace which is a deformation retract of X . Then Z˜ := π−1(Z) ⊂ Y
is a deformation retract of Y. In particular, Z˜ is also arcwise connected and π1(Z˜) = π1(Y).
For a germ of normal complex analytic space (X, p), let U be a Prill’s good neighbourhood with
regard to a proper analytically closed subset Σ ⊂ X and let {Uλ}λ∈Λ be a neighbourhood basis
associated with U . We put U− := U \ Σ and U−λ := Uλ \ Σ. Take any connected finite topological
covering f− : V − → U−. Then V − has the unique analytic structure such that f− : V − → U− is
e´tale. By the Grauert-Remmert’s theorem, f− extends uniquely to a finite cover f : V → U , where
V is a normal complex analytic space such that f−1(U−) = V − (see [21], §2, Satz 8 and [24], XII,
Theorem 5.4). Recall here that f−1(p) consists of exactly one point, for if f−1(p) = {q1, . . . , qn}
and n ≥ 2, where qi are distinct from each other, then by [15], 1.10, Lemma 2, there exists λ ∈ Λ
such that f−1(Uλ) =
∐n
i=1Wλ,i, where Wλ,i is an open neighbourhood of qi for i = 1, . . . , n. Since
f−1(U−λ ) ⊂ f−1(Uλ) is connected by Lemma 4.2, there exists i, say i0, such that f−1(U−λ ) ⊂ Wλ,i0
and f−1(U−λ ) ∩Wλ,i is empty if i 6= i0, but which is absurd for f−1(U−λ ) ∩Wλ,i = Wi,λ \ f−1(Σ) is
non-empty for any i. Thus we see that any connected finite topological covering f− : V − → U−
determines a finite surjective morphism f : Y := (V, q) → (X, p) from a germ of normal complex
analytic spaces Y uniquely up to isomorphisms, where f−1(p) = {q}. For two connected finite
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topological coverings f−1 : V
−
1 → U− and f−2 : V −2 → U−, let fi : Vi → U− be the extended
finite covers and f : Yi → X be the corresponding finite surjective morphisms as above for i = 1,
2. By [24], Expose´ XII, Proposition 5.3, the restriction map r : HomU(V1, V2) → HomU−(V −1 , V −2 )
is bijective and composed with the canonical injection HomU(V1, V2) → HomX(Y1, Y2), r−1 gives a
canonical injection HomU−(V
−
1 , V
−
2 ) → HomX(Y1, Y2). From the above argument, we see that we
have a canonical faithful functor P called a Prill functor from the category of connected topological
finite coverings over U− denoted by FT (U−) to the category of germs of normal complex analytic
spaces which is finite over X and e´tale outside over Σ denoted by FC(X,Σ).
Lemma 4.3 A Prill functor defines an equivalence between the categories FT (U−) and FC(X,Σ).
Proof. We note that the restriction functor Rλ : FT (U−) → FT (U−λ ) defines an equivalence of
categories between FT (U−) and FT (U−λ ) since these are known to be determined up to equivalences
by the corresponding fundamental groups. Put (V −i,λ, f
−
i,λ) := Rλ((V −i , f−i )) ∈ Ob FT (Uλ) and Vi,λ :=
f−1i (Uλ) for i = 1, 2. Note also that the canonical map
injlimλ∈ΛHom Uλ(V1,λ, V2,λ)→ Hom FC(X,Σ)((Y1, f1), (Y2, f2))
is bijective and that we have
injlimλ∈ΛHom FT (U−
λ
)((V
−
1,λ, f
−
1,λ), (V
−
2,λ, f
−
2,λ)) = Hom FT (U−)((V
−
1 , f
−
1 ), (V
−
2 , f
−
2 )).
Therefore, we conclude that the canonical map
Hom FT (U−)((V
−
1 , f
−
1 ), (V
−
2 , f
−
2 ))→ Hom FC(X,Σ)((Y1, f1), (Y2, f2))
is bijective, which implies that the functor P is faithfully full. Take any (Y, f) ∈ Ob FC(X,Σ).
Then f is represented by a finite cover f : Vλ → Uλ for some λ ∈ Λ, where Vλ is connected. Since f is
e´tale over U−λ and V
−
λ := f
−1(U−λ ) is also connected, we obtain an object (V
−
λ , f |V −
λ
) ∈ Ob FT (U−λ )
which goes to (Y, f) ∈ Ob FC(X,Σ) via P ◦R−1λ . Thus we conclude that P is essentially surjective,
and hence P defines an equivalence.
Remark 4.3 It is obvious that a Prill functor also defines an equivalence between the full sub-
category of Galois objects of FT (U−) and FC(X,Σ). Note that giving a pointing to an ob-
ject of FT (U−) and FC(X,Σ) has essentially the same meaning since the number of pointings
for (V −, f−) ∈ Ob FT (U−) and the number of pointings for (Y, f) ∈ Ob FC(X,Σ) are both
deg f = deg f−. Thus we see that P induces an equivalence between FT (U−)p and FC(X,Σ)p.
For Q-divisor D on X , let BX(D) be the set of all the prime divisors on X such that eΓ(D) > 1
and put D∨ :=
∑
Γ∈BX(D) eΓ(D)Γ ∈ Weil X . Combined with Lemma 4.1, Lemma 4.3 yields the
following proposition.
Proposition 4.1 There exists a canonical functor P : FCD∨(Reg U) → Int†(X ;D) which defines
an equivalence between the categories FCD
∨
(Reg U) and Int†(X ;D). In particular, Int†G(X ;D)p is
cofilterd and cofinal in Int†(X ;D)p.
Remark 4.4 From Proposition 4.1, we deduce that projlim(Y,f,iY )∈Ob Int†G(X;D)pGal (Y/X) is iso-
morphic to πD
∨
1,loc(Reg X)
∧ in the category of profinite groups.
Definition 4.3 For Q-divisor D on X , we define a group πloc1,X,p[D] by π
loc
1,X,p[D] := π
D∨
1,loc(Reg X),
which is called the D-local fundamental group for ((X, p), D) and we denote by πˆloc1,X,p[D] its profinite
completion.
Remark 4.5 We note that πloc1,X,p[D] depends only on the class [D] ∈Weil X ⊗Q/Weil X and that
if D ∈Weil X , πloc1,X,p[D] ≃ πloc1 (Reg X).
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4.2 The category of Cartier covers and Comparison Theorem
In this section, we introduce a category which is easier to handle with than the category of integral
covers. Let (X, p) be a germ of irreducible normal complex analytic spaces and let MX denote the
field of germs of meromorphic functions on X . In what follows, we fix an algebraic closure MX of
MX and the inclusion iX :MX →MX . Take any D ∈ DivQX and fix it. Recall that a holomorphic
map between complex analytic spaces is said to be finite, if it is proper with discrete finite fibres.
Definition 4.4 A finite surjective morphism f : Y → X , where Y is a germ of irreducible normal
complex analytic spaces such that f ∗D is integral and Cartier, is called an Cartier cover with respect
to D. A Cartier cover f : Y → X with respect to D is called Cartier Galois cover with respect to D
if f is Galois.
Definition 4.5 Cartier covers (resp. Cartier Galois covers) of X with respect to D form a full
subcategory of complex analytic germs denoted by Cartm(X ;D) (resp. CartmG(X ;D)). For (Y, f) ∈
Ob Cartm(X ;D), an injective homomorphism iY : MY → MX , where MY is the meromorphic
function field of Y , such that iY ◦ f ∗ = iX is called a pointing. Triplet (Y, f, iY ) composed of
(Y, f) ∈ Ob Cartm(X ;D) and a pointing iY are called pointed Cartier covers with respect to D.
Pointed Cartier covers (resp. pointed Cartier Galois covers) with respect to D and morphisms
fλ,µ ∈ Hom Cartm(X;D)((Yµ, fµ), (Yλ, fλ)) satisfying iYµ ◦ f ∗λ,µ = iYλ form a projective system denoted
by Cartm(X ;D)p (resp. CartmG(X ;D)p).
Non-zero C-algebra A is called a complex analytic ring if there exists a surjective C-algebra
homomorphism OanE,0 → A, where E ≃ Cn for some n. Recall that the category of complex analytic
rings A which are finite OX-modules and that category of germs of complex analytic spaces which
are finite over X are dual to each other via the contravariant functor SpecanX (see [15] and [22],
VI). The structure morphism f ∗ : OX → A is injective if and only if f : SpecanXA → X is
surjective by the Remmert’s proper mapping theorem (see, for example, [15], 1.18). Let ϕ be a
meromorphic function on X such that OX(−rD) = ϕOX and let π : X˜ → X be the index one
cover with respect to D obtained by taking a r-th root of ϕ, where r := indpD and fix a pointing
iX˜ . Take any (Y, f, iY ) ∈ Ob Cartm(X ;D)p. For simplicity, assume that MX ⊂ MX˜ ⊂ MX and
MX ⊂ MY ⊂ MX . The assumption on Y implies that there exists a meromorphic function ψ
on Y such that ϕOY = ψrOY , which implies that there exists a unit u ∈ O×Y such that ψr = uϕ.
Since OY is a henselian local ring whose residue field is the complex number field (see, for example,
[1], Ch. III, §20, Proposition 20.6), we see that r√u ∈ O×Y , hence MX( r√ϕ) ⊂ MY . Consequently,
there exists a OX -homomorphism π∗OX˜ → f∗OY which induces a finite surjective morphism ̟Y :
Y = SpecanXf∗OY → X˜ = SpecanXπ∗OX˜ satisfying f = π ◦ ̟Y . The above argument implies
that Card Hom Cartm(X;D)p((Y, f, iY ), (X˜, π, iX˜)) = 1 for any (Y, f, iY ) ∈ Ob Cartm(X ;D)p, that is,
(X˜, π, iX˜) is a final object, or equivalently, a colimit of Cart
m(X ;D)p. Let ̟Y (iY , iX˜) denote the
element of Hom Cartm(X;D)p((Y, f, iY ), (X˜, π, iX˜)).
Definition 4.6 A Cartier cover f : Y → X with respect to D is called a strict Cartier cover with
respect to D, if ̟Y (iY , iX˜) is e´tale in codimension one for any pointings iY , iX˜ .
Remark 4.6 ̟Y (iY , iX˜) is e´tale in codimension one if and only if ̟Y (iY , iX˜) is e´tale over Reg X
by the purity of branch loci (see [1], V, §39, (39.8) or [15], 4.2).
Definition 4.7 A strict Cartier cover f : Y → X with respect to D is called a strict Cartier Galois
cover with respect to D, if f is Galois.
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Remark 4.7 Take another pointings i′Y and i
′
X˜
of (Y, f), (X˜, π) ∈ Ob Cartm(X ;D)p respectively
and assume that f : Y → X is Galois. Then, by the Galois theory, there exist two isomorphisms
α(iY , i
′
Y ) ∈ Hom Cartm(X;D)p((Y, f, iY ), (Y, f, i′Y )) and β(iX˜ , i′X˜) ∈ Hom Cartm(X;D)p((X˜, π, iX˜), (X˜, π, i′X˜))
such that the following diagram in Cartm(X ;D)p commutes.
(Y, f, iY )
α(iY ,i
′
Y )−−−−→ (Y, f, i′Y )y̟Y (iY ,iX˜) y̟Y (i′Y ,i′X˜)
(X˜, π, iX˜)
β(iX˜ ,i
′
X˜
)−−−−→ (X˜, π, i′
X˜
)
Therefore, (Y, f) ∈ Ob Cartm(X ;D)p is a strict Cartier Galois cover if one of ̟Y (iY , iX˜) ∈
Hom Cartm(X;D)((Y, f), (X˜, π)) is e´tale in codimension one. One can also check easily that the same
holds even if f is not Galois.
Let Cart†(X ;D) (resp, Cart†(X ;D)p) denote the full subcategory of Cartm(X ;D) (resp. pro-
jective subsystem Cartm(X ;D)p) whose objects are strict Cartier covers with respect to D (resp.
pointed strict Cartier covers with respect to D) and let Cart†G(X ;D) (resp, Cart†G(X ;D)p) de-
note the full subcategory of Cart†(X ;D) (resp. projective subsystem Cart†(X ;D)p) whose objects
are strict Cartier Galois covers with respect to D (resp. pointed strict Cartier Galois covers with
respect to D). Let fλ,µ : (Yµ, fµ, iYµ) → (Yλ, fλ, iYλ) be a morphism in Cart†G(X ;D)p and assume
that MX ⊂ MYλ ⊂ MYµ ⊂ M¯X for simplicity. Then by the Galois theory, there exists a canon-
ical surjective homomorphism gλ,µ : Gal (MYµ/MX) → Gal (MYλ/MX) which is nothing but the
restriction map. Thus Galois groups Gal (Y/X) := Gal (MY /MX) for (Y, f, iY ) ∈ Cart†G(X ;D)p
form a projective system with the induced morphisms from Cart†G(X ;D)p. Here is our comparison
theorem.
Theorem 4.1 There exists a canonical isomorphism :
πˆloc1,X,p[D] ≃ projlim(Y,f,iY )∈Ob Cart†G(X;D)pGal (Y/X)
in the category of profinite groups for any D ∈ DivQX.
To prove the above theorem, we need some lemmas and propositions as follows. Let C be a category
and let X ∈ Ob C be an object of C and G ⊂ Aut X be a subgroup of the automorphism group of
X .
Definition 4.8 An epimorphism f : X → Y in C is said to be Galois with the Galois group G, if
G = Aut YX := {σ ∈ Aut X|f ◦σ = f} and for any morphism f ′ : X → Y ′ such that G ⊂ Aut Y ′X ,
there exists a unique morphism ϕ : Y → Y ′ satisfying f ′ = ϕ ◦ f .
Remark 4.8 Assume that two Galois morphisms f : X → Y and f ′ : X → Y ′ with the Galois group
G are given. Then by the universal mapping property, there exists an isomorphism ϕ : Y → Y ′ such
that f ′ = ϕ ◦ f , that is, Galois morphisms with the Galois group G is unique up to this equivalence.
Example 4.1 Let F := (Fields) be a category of fields such that HomF(K1, K2) is empty or consists
of inclusions for any K1, K2 ∈ Ob F . For any finite extension i : K1 → K2, i is a Galois extension if
and only if its dual i◦ : K◦2 → K◦1 in the dual category F◦ is Galois by the Galois theory.
Definition 4.9 For any two morphisms f ∈ HomC(X, Y ) and g ∈ HomC(Y, Z), we define a subgroup
AutfZX ⊂ Aut X × AutZY as AutfZX := {(σ˜, σ)|f ◦ σ˜ = σ ◦ f}.
Lemma 4.4 Let f ∈ HomC(X, Y ) and g ∈ HomC(Y, Z) be two Galois morphisms and assume that
the second projection p2 : Aut
f
ZX → AutZY is surjective. Then h := g ◦ f is also Galois.
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Proof. Take any h′ ∈ Hom C(X,Z ′) with AutZX ⊂ AutZ′X . Since AutYX ⊂ AutZX and f is
Galois, there exists a morphism ψ : Y → Z ′ such that ψ ◦ f = h′. Take any σ ∈ AutZY . Then
there exists σ˜ ∈ Aut X such that f ◦ σ˜ = σ ◦ f by the assumption. Since σ˜ ∈ AutZX ⊂ AutZ′X , we
have h′ = h′ ◦ σ˜ = ψ ◦ f ◦ σ˜ = ψ ◦ σ ◦ f , hence ψ ◦ f = ψ ◦ σ ◦ f . Since f is an epimorphism, we
deduce that ψ = ψ ◦ σ, that is, AutZY ⊂ AutZ′Y . Thus we conclude that there exists a morphism
ϕ : Z → Z ′ such that ϕ ◦ g = ψ. Obviously ϕ satisfies ϕ ◦ h = h′. As for the uniqueness of ϕ, Let
ϕ′ : Z → Z ′ be another morphism satisfying ϕ′ ◦ h = h′. Then ψ ◦ f = h′ = ϕ′ ◦ h = ϕ′ ◦ g ◦ f , hence
ϕ′ ◦ g = ψ = ϕ ◦ g. Since g is also an epimorphism, we obtain ϕ′ = ϕ.
Remark 4.9 The assumption in Lemma 4.4 is satisfied in the following two theoretically important
cases.
(1) Let f and g are finite Galois covers between normal algebraic varieties over an algebraically
closed field or normal connected complex analytic spaces. Assume that there exits a Zariski closed
subset or an analytic subset Σ on Y with codimYΣ ≤ 2 such that the restriction f− of f to X− :=
X \ f−1(Σ) gives the algebraic universal cover of Y − := Y \ Σ, that is, πˆ1(X−) = {1}. Moreover
assume that Y − is invariant under the action of Gal (Y/Z). Take any σ ∈ Gal (Y/Z). Since σ acts
on Y −, there exists an automorphism σ˜− on X− such that f− ◦ σ˜− = σ ◦ f− by the property of
algebraic universal cover. σ˜− extends uniquely to an automorphism σ˜ on X satisfying f ◦ σ˜ = σ ◦ f
by the normality (see also [7], §1 and [77], Lemma 2.1).
(2) Let f and g are finite Galois covers between germs of normal complex analytic spaces. Assume
that X is obtained from Y by taking a r-th root of a primitive principal divisor P = div ϕ on Y such
thatOY (P ) ⊂MY is invariant under the action of Gal (Y/Z) (for the definition of primitive principal
divisors, see [72], 2.3). Take any σ ∈ Gal (Y/Z). Then by the assumption, we have σ∗ϕ = uϕ for
some unit u ∈ O×Y . As in the previous argument, there exists a unit v ∈ O×Y such that vr = u. Since
we can write MX =MY [T ]/(T r − ϕ), it is obvious that σ∗ lifts to an automorphism σ˜∗ on MX by
putting σ˜∗T = vT . Thus we see that any elements of Gal (Y/Z) lift to elements of Gal (X/Z).
Lemma 4.5 (c.f., [68]) Let A be an integral complex analytic ring and M be its quotient field. Let
AL be the normalization of A in a finite extension field L ofM. Then AL is also an integral complex
analytic ring which is a finite A-module.
Proof. Recall that A is noetherian ([22], II, Proposition 2.3). [68], Theorem 4 says that A is N-1,
hence N-2 by [40], Ch. 12, Corollary 1, that is, AL is a finite A-module. By [68], Theorem 1, A is a
finite OanCn,0-module for some Cn, hence so is AL. Thus by [68], Theorem 3, we conclude that AL is
a complex analytic ring.
Remark 4.10 Lemma 4.5 implies that if we are given a finite extension field L of the meromorphic
function fieldMX of an irreducible germ of complex analytic spaces X , there exists a germ of normal
complex analytic spaces Y with a finite surjective morphism f : Y → X such thatMY is isomorphic
to L over MX and such Y as above is uniquely determined up to isomorphisms over X .
The following proposition can be also derived from Proposition 4.1, but we shall give an algebraic
proof for further research such as extending our theory to the positive characteristic case.
Proposition 4.2 Cart†G(X ;D)p is cofilterd and is cofinal in Cart†(X ;D)p for any D ∈ DivQX.
Proof. Firstly, we prove the first statement. Take any two objects (Yλ, fλ, iYλ), (Yµ, fµ, iYµ) ∈
Cart†G(X ;D)p. Let L := iYλ(MYλ)∨ iYµ(MYµ) be the minimal subfield ofMX containing iYλ(MYλ)
and iYµ(MYµ). We note that L is a finite Galois extension of MX by its definition. Let g : Z → X
be the normalization of X in L as explained in Remark 4.10. By the construction, we get an object
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(Z, g, iZ) ∈ Ob Cartm(X ;D)p dominating both of (Yλ, fλ, iYλ) and (Yµ, fµ, iYµ) in Cartm(X ;D)p.
Let (X˜, π, iX˜) ∈ Ob Cart†G(X ;D)p be a final object of Cart†G(X ;D)p. From the equality iX˜ =
iY ◦̟Y (iY , iX˜)∗, we see that there exists a canonical embedding:
ΦiX˜ : Cart
†G(X ;D)p → Cart†G(X˜ ; 0)p, (4.10)
depending on the choice of pointings iX˜ for (X˜, π) ∈ Ob Cart†G(X ;D), such that ΦiX˜ ((Y, f, iY )) =
(Y,̟Y (iY , iX˜), iY ) ∈ Ob Cart†G(X˜ ; 0)p for (Y, f, iY ) ∈ Ob Cart†G(X ;D)p. Since Cart†G(X˜ ; 0)p is
cofilterd as explained in Remark 4.3, there exists (W,h, iW ) ∈ Ob Cart†G(X˜ ; 0)p which dominates
both of (Yλ, ̟Yλ(iYλ , iX˜), iYλ) and (Yµ, ̟Yµ(iYµ , iX˜), iYµ) in Cart
†G(X˜; 0)p. By the construction of
(Z, g, iZ) ∈ Ob Cartm(X ;D)p, iZ factors into iW ◦ τ ∗, where τ ∗ : MZ → MW is an injective
homomorphism. Let τ be the induced morphism τ : W → Z. Then we see that h factors into
̟Z(iZ , iX˜) ◦ τ . Since h is e´tale in codimension one, hence so is ̟Z(iZ , iX˜). Thus we conclude
that (Z, g, iZ) ∈ Ob Cart†G(X ;D)p and consequently, Cart†G(X ;D)p is cofilterd. As for second
statement, take any (Y, f, iY ) ∈ Ob Cart†(X ;D)p and let {i(k)Y |k = 1, 2, . . . n} be all the pointings for
(Y, f) ∈ Ob Cart†(X ;D). Let L be the minimal subfield ofMX containing all the subfields i(1)Y (MY ),
. . . , i
(1)
Y (MY ). Since L is a finite Galois extension of MX by its construction, we have an object
(Z, g, iZ) ∈ Ob CartmG(X ;D)p dominating all the (Y, f, i(1)Y ), . . . , (Y, f, i(n)Y ) ∈ Ob Cart†(X ;D)p,
where g : Z → X is the normalization of X in L. In the same way as in the previous argument, we
conclude that (Z, g, iZ) ∈ Ob Cart†G(X ;D)p.
Proof of Theorem 4.1. By Proposition 4.1 and Remark 4.4, we only have to show that the full
subcategory Cart†G(X ;D)p is cofinal in Int†G(X ;D)p (see [25], Expose´ I, Proposition 8.1.3 or [2],
Appendix, Corollary (2.5)). Choose any object (Y, f, iY ) ∈ Ob Int†G(X ;D)p and let πY : Y˜ →
Y be the index one cover with respect to f ∗D. We can choose a pointing iY˜ so that a triple
(Y˜ , f˜ , iY˜ ) becomes an object in Int
†(X ;D)p dominating (Y, f, iY ). From Remark 4.9, we deduce that
(Y˜ , f˜ , iY˜ ) ∈ Ob Cart†G(X ;D)p by its construction.
4.3 Universal Cartier covers
Let U be a Prill’s good neighbourhood with regard to Sing X and {Uλ}λ∈Λ its associated neigh-
bourhood basis. Take any (Y, f, iY ) ∈ Ob Cart†(X ; 0)p and put (V −, f−, y) := P−1(Y, f, iY ) ∈
FT (U−), where P is a Prill functor. Let f : V → U be the extended finite cover of f−. By
Lemma 4.2, V is a Prill’s good neighbourhood with regard to f−1(Sing X) with {Vλ}λ∈Λ being
its associated neighbourhood basis. Thus we have π1(V
−) = projlimq∈V ;openπ1(V \ f−1(Sing X)) =
projlimq∈V ;openπ1(Reg V) = πloc1 (Reg Y ) since Reg V ∩ f−1(Sing X) is a closed analytic subspace of
codimension at least two in Reg V. (see, for example, [61], III, Corollary 2.). In particular, we see
that (Y, f, iY ) ∈ Ob Cart†(X ; 0)p is an initial object of Cart†(X ; 0)p if and only if πˆloc1 (Reg Y ) = {1}.
Definition 4.10 For D ∈ DivQX , a strict Cartier Galois cover π† : X† → X with respect to D is
called an algebraic universal Cartier cover, or abbreviated, a universal Cartier cover with respect to
D if πˆloc1 (Reg X
†) = {1}.
Remark 4.11 Singularity with trivial local algebraic fundamental group is quite restrictive one. For
example, πˆloc1 (RegX) = {1} implies DivQX ∩Weil X = Div X . Moreover, if we assume, in addition,
that (X, p) is analytically Q-factorial, then OX is factorial (see, for example, [6], Satz 1.4).
Proposition 4.3 For D ∈ DivQX, take the index one cover π : X˜ → X with respect to D, the
there exists the universal Cartier cover of X with respect to D if and only if πˆloc1 (Reg X˜) is finite.
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Proof. Assume that πˆloc1 (Reg X˜) is finite and take a final object (X˜, π, iX˜) ∈ Ob Cart†G(X ;D)p.
By the assumption, Cart†(X˜; 0)p has an initial object (Y, f, iY ) ∈ Ob Cart†G(X˜ ; 0)p such that
πˆloc1 (Reg Y ) = {1}. We note that iY is also a pointing for (Y, π ◦ f) ∈ Ob Cartm(X ;D) since
we have iY ◦ f ∗ ◦ π∗ = iX˜ ◦ π∗ = iX . Consider an object (Y, π ◦ f, iY ) ∈ Ob Cartm(X ;D)p. By
the argument in Remark 4.9, (1), we see that π ◦ f is Galois. Since ̟Y (iY , iX˜) = f is e´tale in
codimension one, we conclude that (Y, π◦f, iY ) ∈ Ob Cart†G(X ;D)p. Conversely, assume that there
exists a pointed universal Cartier cover (X†, π†, iX†) ∈ Ob Cart†G(X ;D)p with respect to D. Then
ΦiX˜ ((X
†, π†, iX†)) ∈ Ob Cart†G(X˜; 0)p is an initial object of Ob Cart†(X˜ ; 0)p, hence πˆloc1 (Reg X˜) is
finite.
Remark 4.12 Assume that (X,∆) is purely log terminal, where ∆ is a standard Q-boundary. Then
(X˜,∆X˜) is known to be canonical, hence X˜ has only canonical singularity if we assume that ⌊∆⌋ = 0
or X˜ is Q-Gorenstein. Thus if dim X ≤ 3, then πˆloc1 (Reg X˜) is finite by [70], Theorem 3.6.
Proposition 4.4 (c.f., [24], Expose´ IX, Remark 5.8) For D ∈ DivQX, Let π : X˜ → X be the
index one cover with respect to D. Then there exists the following exact sequence in the category of
profinite groups :
{1} −→ πˆloc1 (Reg X˜) −→ πˆloc1,X,p[D] −→ Gal (X˜/X) ≃ Z/rZ −→ {1}, (4.11)
where r := indpD.
Proof. Recall that we have a canonical embedding ΦiX˜ : Cart
†(X ;D)p → Cart†(X˜ ; 0)p as in
(4.10). Since we have the exact sequence:
{1} −→ projlim(Y,f,iY )∈ObCart†G(X;D)pGal (Y/X˜) −→ πˆloc1,X,p[D] −→ Gal (X˜/X) −→ {1},
we only have to show that Cart†G(X ;D)p is cofinal in Cart†G(X˜ ; 0)p via the functor ΦiX˜ . Choose
any object (Y, f, iY ) ∈ Ob Cart†G(X˜ ; 0)p. Then we see that (Y, π ◦ f, iY ) ∈ Ob Int†(X ;D)p since
π−1(Reg X \ Supp B) ⊂ Reg X˜ and π ◦ f is e´tale over Reg X \ Supp B. By Proposition 4.1,
There exists an object (Z, g, iZ) ∈ Ob Int†G(X ;D)p dominating the object (Y, π ◦ f, iY ). Since
Cart†G(X ;D)p is cofinal in Int†G(X ;D)p (see the proof of Theorem 4.1), (Z, g, iZ) is dominated by
some object in Cart†G(X ;D)p. Thus we get the assertion.
Corollary 4.1 A pointed universal Cartier cover (X†, π†, iX†) ∈ Ob Cart†G(X ;D)p is an initial
object, or equivalently, a limit of Cart†(X ;D)p and vice versa. In particular, a universal Cartier
cover with respect to D is unique up to isomorphisms over X if it exists.
Proof. Let (X˜, π, iX˜) ∈ Ob Cart†G(X ;D)p be a final object of Cart†(X ;D)p. As we noted
firstly in this section, (X†, ̟X†(iX† , iX˜), iX†) ∈ Ob Cart†(X˜; 0)p is an initial object of Cart†(X˜ ; 0)p,
hence (X†, π†, iX†) ∈ Ob Cart†G(X ;D)p is also an initial object of Cart†(X ;D)p. On the con-
trary, assume that there exists an initial object (X†′, π†′, iX†′) of Cart
†(X ;D)p. By Proposition4.2,
we see that (X†′, π†′, iX†′) ∈ Ob Cart†G(X ;D)p. Since πˆloc1,X,p[D] is finite, πˆloc1 (Reg X˜) is also fi-
nite by Proposition 4.4. Therefore there exists a pointed universal Cartier cover (X†, π†, iX†) ∈
Ob Cart†G(X ;D)p by Proposition 4.3 which is also an initial object of Cart†(X ;D)p and hence
isomorphic to (X†′, π†′, iX†′). Thus we conclude that πˆ
loc
1 (Reg X
†′) = {1}.
The following Lemma is an algebraic generalization of Brieskorn’s fundamental lemma.
Lemma 4.6 (c.f., [6], Lemma 2.6) Let f : (X, p)→ (Y, q) be a finite morphism between germs of
normal complex analytic spaces (X, p) and (Y, q). Then for any D ∈ DivQY , there exists a canonical
homomorphism f∗ : πˆ
loc
1,X,p[f
∗D]→ πˆloc1,Y,q[D] which satisfies |πˆloc1,Y,q[D] : Im f∗| ≤ deg f . In particular,
if πˆloc1,X,p[f
∗D] is finite, so is πˆloc1,Y,q[D].
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Proof. For a given pointing iY :MY →MY , we choose a pointing iX :MX →MX =MY such
that iX ◦ f ∗ = iY . Take any (Z, α, iZ) ∈ Ob Cart†G(Y ;D)p. Let ν : W → Y be the normalization
of Y in iX(MX) ∨ iZ(MZ). We note that there exist morphisms β : W → X and γ : W → Z such
that α ◦ γ = f ◦ β = ν. Since β∗f ∗D = γ∗α∗D ∈ Div W and β : W → X is Galois (see, for example,
[52], Theorem 3.6.3), we have (W,β, iW ) ∈ Ob CartmG(X ; f ∗D)p for a suitable pointing iW . Let
(X˜, πX , iX˜) ( resp. (Y˜ , πY , iY˜ ) ) be a final object of Cart
mG(X ; f ∗D)p ( resp. CartmG(Y ;D)p ). Since
(X˜, f◦πX , iX˜) ∈ Ob Cartm(Y ;D)p, there exists a morphism ωX˜(iX˜ , iY˜ ) : (X˜, f◦πX , iX˜)→ (Y˜ , πY , iY˜ )
in Cartm(Y ;D)p. Let ν♮ : Y ♮ → Y be the normalization of Y in iZ(MZ)∩iX˜(MX˜). Since the induced
finite morphism δ : Z → Y ♮ is Galois, iZ(MZ) and iX˜(MX˜) are linearly disjoint over iY ♮(MY ♮), that
is, iZ(MZ)⊗i
Y ♮
(M
Y ♮
) iX˜(MX˜) ≃ iW (MW ) (see, for example, [52], Exercise 4.2.3). Let η ∈ W be the
generic point of a prime divisor on W and ξ ∈ Z (resp. ξ˜ ∈ X˜ , resp. ξ♮ ∈ Y ♮) be its image on Z
(resp. X˜ , resp. Y ♮). Consider the canonical morphism κ : iZ(OZ,ξ)⊗i
Y ♮
(O
Y ♮,ξ♮
) iX˜(OX˜,ξ˜)→ iW (OW,η)
and put S := iY ♮(OY ♮)\{0}. We note that since iZ(OZ,ξ) is flat over iY ♮(OY ♮,ξ♮) by our construction,
iZ(OZ,ξ) ⊗i
Y ♮
(O
Y ♮,ξ♮
) iX˜(OX˜,ξ˜) is a free iX˜(OX˜,ξ˜)-module, in particular, a torsion free iY ♮(OY ♮,ξ♮)-
module. Since S−1κ : S−1(iZ(OZ,ξ)⊗i
Y ♮
(O
Y ♮,ξ♮
) iX˜(OX˜,ξ˜)) ≃ S−1(iZ(OZ,ξ))⊗iY ♮(MY ♮)S−1(iX˜(OX˜,ξ˜))→
iW (MW ) is injective by the previous argument, so is κ, hence, in particular, Im κ is a normal subring
of iW (OW,η) whose total quotient ring coincides iW (MW ) which implies that Im κ = iW (MW ). Thus
we conclude that κ is an isomorphism and that iW (OW,η) is flat over iX˜(OX˜,ξ˜), which implies that
(W,β, iW ) ∈ Ob Cart†G(X ; f ∗D)p. The canonical inclusion Gal (W/X) ≃ Gal (iZ(MZ)/iZ(MZ) ∩
iX(MX)) → Gal (Z/Y ) induces a homomorphism f∗ : πˆloc1,X,p[f ∗D] → πˆloc1,Y,q[D]. Since we have
[Gal (Z/Y ) : Gal (W/X)] = [iZ(MZ) ∩ iX(MX) : iY (MY )] ≤ deg f , we get the assertion (see also
[5], §7.1, Corollaire 3).
4.4 Lefshetz type theorem for D-local algebraic fundamental groups
The aim of this section is to state and prove the Lefshetz type theorem for D-local algebraic funda-
mental groups.
Lemma 4.7 (c.f., [29], Corollary 10.8) Take any D ∈ DivQX ∩Weil X and let π : X˜ → X be
the index one cover with respect to D. Assume that there exists a normal prime divisor Γ passing
through p ∈ X such that the following three conditions hold.
(1) Γ˜ := π−1Γ is normal,
(2) Γ does not contained in Supp D,
(3) there exists an analytic closed subset Σ ⊂ X with codimXΣ ≥ 2 and codimΓ(Σ ∩ Γ) ≥ 2 such
that D|U is Cartier and DΓ := j∗ΓD ∈ Div Γ, where U := X \ Σ and jΓ : Γ0 := Γ \ Σ → Γ is
the natural embedding.
Then D ∈ Div X.
Proof. Consider the exact sequence:
0 −→ OX˜(π∗D − Γ˜) −→ OX˜(π∗D) −→ OΓ˜(π∗D) −→ 0.
Note that OΓ˜(π∗D) and π∗OΓ(DΓ) are both invertible and coincide on Γ˜ \ π−1(Σ), hence we have
OΓ˜(π∗D) = π∗OΓ(DΓ) by the normality of Γ˜. Since πG∗ := ΓGX ◦ π∗ is an exact functor, where
G := Gal (X˜/X), the above exact sequence induces a surjective map
α : OX(D) = πG∗ OX˜(π∗D)→ πG∗ OΓ˜(π∗D) = OΓ(DΓ)⊗ (π|Γ˜)G∗OΓ˜ = OΓ(DΓ).
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Take ϕΓ ∈ MΓ such that div ϕΓ = −D|Γ. By the above argument, we have ϕ ∈ MX such that
α(ϕ) = ϕΓ. Since (D + div ϕ)|Γ = DΓ + div ϕΓ = 0 and D + div ϕ is Q-Cartier, we deduce that
Γ ∩ Supp (D + div ϕ) = ∅, that is, D + div ϕ = 0, hence D ∈ Div X .
Lemma 4.8 (c.f., [62], Lemma 1.12, [67]) Let X be a normal complex analytic space embedded
in some domain in Cn. Consider the hypersurfaces Hτ on C
n parametrized by τ ∈ P n which is
defined by a linear equation τ0 +
∑n
i=1 τizi = 0, where z1, . . ., zn is a complete coordinate system of
Cn. Then there exist a non-empty open subset U ⊂ P n and a countable union Z of closed analytic
subsets of U such that for any τ ∈ U \ Z, Hτ ∩X is a normal hypersurface on X.
Proof. Take an analytic open subset U ⊂ P n such that for any τ ∈ U , H¯τ := Hτ ∩ X is non
empty and Hτ does not contain X . Since the base point free linear system {H¯τ}τ∈U on X induces
a base point free linear system on Reg X , we have Sing H¯τ ⊂ Sing X and codim H¯τSing H¯τ ≥ 2 for
any τ ∈ U \ Z, where Z is a countable union of closed analytic subsets of U by Bertini’s theorem.
Moreover, we may assume that for k = 1, . . . , d − 2, H¯τ does not contain any maximal dimensional
components of (Sing X)∩Sk+1(OX), where d := dimX and Sk(OX) is a closed analytic set consisting
of points at which the profoundity of OX does not exceed k. Since we have (Sing H¯τ ) ∩ Sk(OH¯τ ) ⊂
(Sing X) ∩ Sk+1(OX), we see that dim(Sing H¯τ ) ∩ Sk(OH¯τ ) ≤ k − 2 for any k, hence H¯τ is normal
for any τ ∈ U \ Z by [15], 2.27, Theorem.
Remark 4.13 Let X be a normal Stein space. For Q-divisor ∆ on X , let MultX(∆) ⊂ Q denote
the subset consisting of all the multiplicities of ∆ at prime divisors on X . We note that for general
normal hyperplanes H¯τ , we have MultH¯τ (DiffH¯τ (∆)) ⊂ MultX(∆).
To state the Lefshetz type theorem, we need to fix some sort of general conditions. We shall
consider the following conditions assuming dimX ≥ 2.
(M1) ∆ is a standard Q-boundary.
(M2) (X,∆) is divisorially log terminal.
(M2)∗ (M2)α (X,∆) is divisorially log terminal and {∆} = 0 or (M2)β (X,∆) is purely log
terminal.
(M3) There exists an irreducible component Γ of ⌊∆⌋ passing through p ∈ X such that KX +Γ is
Q-Cartier.
Remark 4.14 (M2)∗ is a slightly stronger condition than (M2).
Proposition 4.5 Assume the conditions (M1), (M2) and (M3). Then
indp(KX +∆) = indp(KΓ +DiffΓ(∆− Γ)).
Proof. Put rΓ := indp(KΓ+DiffΓ(∆−Γ)). Firstly, we note that (X,Γ) is purely log terminal and
that Γ ∩ Supp (∆− Γ) is purely one codimensional in Γ since ∆− Γ is Q-Cartier by the conditions
(M2) and (M3). We show that rΓ(KX + ∆) is an integral divisor on X and is Cartier at general
points of any prime divisors on Γ. By taking general hyperplane sections, we only have to check that
if dimX = 2, then rΓ(KX +∆) is Cartier. This can be checked by the classification of log canonical
singularities with a standard Q-boundary due to S. Nakamura (see, §3.1 or [34], Theorem 3.1), but
we can also argue in this way as follows. We note that p ∈ X is a cyclic quotient singular point with
the order, say, n by the condition (M2). If Γ ∩ (⌊∆⌋ − Γ) 6= ∅, then X is smooth, hence this case is
trivial. Assume that Γ ∩ (⌊∆⌋ − Γ) = ∅. Since we can see that (X,∆) is purely log terminal in this
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case from the condition (M2), we can write ∆ = Γ + dΞ for a prime divisor Ξ such that (Γ,Ξ)p = 1
and for some d = (l−1)/l, where l is a natural number and we have multpDiffΓ(∆−Γ) = (nl−1)/(nl),
as in [74], Lemma 2.25, which implies rΓ(KX +∆) ∈ Div X . Going back to the general case, we see
that D := KX +∆ ∈ DivQX and Γ satisfies the conditions in Lemma 4.7 using [72], Corollary 2.2
and Lemma 3.6, hence we conclude that rΓ(KX +∆) ∈ Div X .
Remark 4.15 We note that DiffΓ(∆− Γ) is also a standard Q-boundary, since DiffΓ˜((∆− Γ)X˜) is
a Q-boundary (see [72], (2.4.1)).
Example 4.2 Let X be the germ of C2 at the origin and put Γ := div z and ∆ := div z +
(1/n)div w + (1/n)div (z + w), where (z, w) is a system of coordinates and n ∈ N . Then we have
ind0(KX + ∆) = n while ind0(KΓ + DiffΓ(∆ − Γ)) = n/2 (resp. n) if n is even (resp. if n is odd),
which explains why we need the assumptions in Proposition 4.5.
A directed set (Λ,≥) naturally forms a cofilterd projective system assuming that for λ, µ ∈ Λ,
Card HomΛ(λ, µ) = 1 if and only if λ ≥ µ. We call this projective system Λ a cofilterd index projective
system. Let us recall the following basic result (see for example, [65]).
Lemma 4.9 Let φ : Λ′ → Λ be a covariant functor between cofilterd index projective systems and
G : Λ → (Top. groups), H : Λ′ → (Top. groups) be two covariant functors to the category of
topological groups. Assume that the following three conditions (a), (b) and (c) hold.
(a) Gλ := G(λ) and Hλ′ := H(λ
′) are compact for any λ ∈ Ob Λ and λ′ ∈ Ob Λ′.
(b) G(λ→ µ) and H(λ′ → µ′) are all surjective.
(c) There exists a natural transformation Ψ : G ◦ φ → H such that Ψ(λ′) : Gφ(λ′) → Hλ′ are
surjective for any λ′ ∈ Ob Λ′.
Then there exists a canonical surjective morphism in (Top. groups) :
ψ : projlim λ∈ObΛGλ → projlim λ′∈ObΛ′Hλ′ .
Let ∆ be a Q-divisor on X such that KX +∆ is Q-Cartier. In what follows, we put
I†(m)1 (G)(X,∆)(p) := I†(m)1 (G)(X ;KX +∆)(p).
Theorem 4.2 Assume the conditions (M1), (M2)∗ and (M3). Then there exists a canonical con-
tinuous surjective homomorphism :
ψΓ : πˆ
loc
1,Γ,p[DiffΓ(∆− Γ)]→ πˆloc1,X,p[∆].
Proof. For any (Y, f) ∈ Ob Cartm(X,∆), Γ and ΓY := f−1Γ are normal by [72], Lemma 3.6 and
Corollary 2.2, hence they are irreducible since f−1(p) consists of just one point. A canonical inclusion
OΓ → injlim(Y,f,iY )∈ObCartm(X,∆)pOΓY extends to an inclusion iΓ : OΓ →MΓ and we fix this iΓ. Then
we have a canonical functor φ
(p)
Γ : Cart
m(X,∆)(p) → Cartm(Γ,DiffΓ(∆− Γ))(p) such that φ((Y, f)) =
(ΓY , fΓ), where fΓ := f |ΓY . Take any (Y, f) ∈ Ob Cart†(X,∆). We shall show that (ΓY , fΓ) ∈
Ob Cart†(Γ,DiffΓ(∆−Γ)). Let X˜ → X be the log canonical cover with respect to KX+∆. Note that
ΓX˜ is also normal and πΓ := π|ΓY : Γ˜ := ΓX˜ → Γ is the log canonical with respect toKΓ+DiffΓ(∆−Γ)
by Proposition 4.5. Take any pointings iΓ˜ and iΓY for (Γ˜, πΓ) and (ΓY , fΓ) ∈ Ob Cartm(Γ,DiffΓ(∆−
Γ)). We note also that ̟ΓY (iΓY , iΓ˜) = ̟Y (iY , iX˜)|ΓY for some pointings iY and iX˜ of (Y, f) and
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(X˜, π) ∈ Ob Cart†(X,∆). (ΓY , fΓ) ∈ Ob Cart†(Γ,DiffΓ(∆ − Γ)). By the covering theorem in [76],
(X˜, ∆˜) is divisorially log terminal of index one, which implies that X˜ is smooth in codimension two,
hence, in particular, we have codim Γ˜(Sing X˜ ∩ Γ˜) ≥ 2. Since ̟Y (iY , iX˜) is e´tale over Reg X˜ , we
conclude that ̟ΓY (iΓY , iΓ˜) is e´tale in codimension one and (ΓY , fΓ) ∈ Ob Cart†(Γ,DiffΓ(∆− Γ)). In
other words, φ(p) induces a functor φ
(p)
Γ : Cart
†(G)(X,∆)(p) → Cart†(G)(Γ,DiffΓ(∆ − Γ))(p), where
we used the same notation φ(p). Consider the two functors
GX : Cart
†G(X,∆)p → (Top. groups) and GΓ : Cart†G(Γ,DiffΓ(∆− Γ))p → (Top. groups)
such that GX((Y, f, iY )) = Gal (Y/X) and GΓ((Γ
′, g, iΓ′)) = Gal (Γ
′/Γ). Since f is e´tale over a
general points of Γ for any (Y, f) ∈ Ob Cart†G(X,∆), there exists a natural equivalence ΨΓ : GΓ ◦
φp → GX , which induces the desired surjection ψΓ : πˆloc1,Γ,p[DiffΓ(∆− Γ)] → πˆloc1,X,p[∆] by Lemma 4.9.
Remark 4.16 Assume the conditions (M1), (M2)α and (M3). Then, combined with Remark4.5,
Theorem 4.2 says that there exists a surjection ψΓ : πˆ
loc
1,Γ,p[DiffΓ(∆−Γ)]→ πˆloc1 (Reg X). For example,
if dimX = 4, πˆloc1,Γ,p[DiffΓ(∆−Γ)] is finite under the assumptions as explained in Remark 4.12, hence
so is πˆloc1 (Reg X).
Letting notation and assumptions be as in Theorem 4.2, we obtain the following corollary.
Corollary 4.2 Assume that the universal Cartier cover of Γ with respect to KΓ+DiffΓ(∆−Γ) exists.
Then there exists the universal Cartier cover of X with respect to KX + ∆. Moreover, there exists
the following exact sequence :
{1} −→ πˆloc1 (Reg ΓX†) −→ πˆloc1,Γ,p[DiffΓ(∆− Γ)] −→ πˆloc1,X,p[∆] −→ {1}, (4.12)
where π† : X† → X is the universal Cartier cover of X with respect to KX +∆.
Proof. The first assertion follows from Proposition 4.3 and Proposition 4.4. As for the last
statement, let π†Γ : Γ
† → Γ be the universal Cartier cover of Γ with respect to KΓ + DiffΓ(∆ − Γ).
Then the induced morphism τ †Γ : Γ
† → ΓX† is the universal Cartier cover of ΓX† since τ †Γ is e´tale
in codimension one, which implies that Gal (Γ†/ΓX†) ≃ πˆloc1 (Reg ΓX†), hence we obtain the desired
exact sequence.
Remark 4.17 Let notation be as above. Assume that (X, p) is a three dimensional Q-Gorenstein
singularity and that (X,Γ) is purely log terminal with Sing X ⊂ Γ. Then we see that (X˜, p˜) has
only terminal singularities and that (X†, p†) is an isolated compound Du Val singularity (see, [42],
Theorem 5.2). We also note that Γ† is smooth and that ΓX† ∈ |−KX† | is a Du Val element. Moreover,
the above exact sequence (4.12) reduces to the following exact sequence:
{1} −→ πloc1 (Reg ΓX†) −→ πloc1,Γ,p[DiffΓ(0)] −→ πloc1 (Reg X) −→ {1}, (4.13)
which enables us to calculate the local fundamental group of the germ (X, p), since πloc1 (Reg ΓX†)
and πloc1,Γ,p[DiffΓ(0)] have faithful representations to the special unitary group SU(2,C) and the uni-
tary group U(2,C) respectively, both of which are classified. It is important to determine the pair
(X†, πloc1 (Reg X)) which will lead us to the classification 3-dimensional purely log terminal singular-
ities.
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5 Types of degenerations of algebraic surfaces with Kodaira
dimension zero
Definition 5.1 (Minimal Semistable Degeneration) A minimal model X → D obtained from a
projective semistable degeneration of surfaces with non-negative Kodaira dimension g : Y → D
by applying the Minimal Model Program is called a projective minimal semistable degeneration of
surfaces.
A projective log minimal degeneration of Kodaira dimension zero is related to a minimal semistable
degeneration as in the following way.
Lemma 5.1 Let f : X → D be a projective log minimal degeneration of surfaces with non-negative
Kodaira dimension. Then there exists a finite covering τ : Dσ → D, a projective minimal semistable
degeneration fσ : Xσ → Dσ which is bimeromorphically equivalent to X ×D Dσ over Dσ and a
generically finite morphism π : Xσ → X such that f ◦ π = τ ◦ fσ and KXσ + Θσ = π∗(KX + Θ),
where Θσ := fσ∗(0).
Xσ
π−−−→ Xyfσ yf
Dσ τ−−−→ D
Proof. We use the idea explained in [72], §2. Let µ : Y → X be a projective resolution of X
such that the support of the singular fiber of the induced morphism g : Y → D has only simple
normal crossings as its singularities. By the semistable reduction theorem ([32]), there exists a finite
covering τ : Dσ → D and a projective resolution Y σ → Y ×D Dσ such that the induced degeneration
gσ : Y σ → Dσ is semistable. Let π′ : X ′ → X be the normalization of X in the meromorphic
function field of Y σ and let ϕ : Xσ → X ′ be a minimal model over X ′ obtained by applying the
Minimal Model Program to the induced morphism Y σ → X ′. Then, by the ramification formula,
we have KX′ + Θ
′ = π′∗(KX + Θ), where Θ
′ := π′−1Θ. Since (X ′,Θ′) is log canonical, we infer that
KXσ + Θ
σ = ϕ∗(KX′ + Θ
′). The induced morphism fσ : Xσ → Dσ as the Stein factorization of the
morphism Xσ → D gives the desired minimal semistable degeneration.
Definition 5.2 (cf. Definition 3.4) A log minimal degeneration f : X → D of surfaces of Kodaira
dimension zero is said to be of type I (resp. of type II, resp. of type III), if there exists an irreducible
component Θi of Θ such that (Θi,DiffΘi(Θ−Θi)) is of type I (resp. of type II, resp. of type III).
For a projective log minimal degenerations of surfaces of Kodaira dimension zero f : X → D,
take a projective minimal semistable degeneration fσ : Xσ → Dσ obtained from f as in Lemma 5.1.
Then the following holds.
Proposition 5.1 f is of type I ( resp. of type II, resp. of type III ) if and only if fσ is of type I (
resp. of type II, resp. of type III ). Moreover two projective log minimal degenerations fj : Xj → D
(j = 1, 2) which are bimeromorphically equivalent to each other over D have exactly the same types as
each other, i.e., types I, II and III are bimeromorphic notion which are independent from the choice
of log minimal models.
Proof. Let Θi be an irreducible component of Θ and Θ
σ
i be an irreducible component of π
−1(Θi)
dominating Θi. Since we have KXσ +Θ
σ = π∗(KX +Θ), we have KΘσi +∆
σ
i = π
∗(KΘi +∆i), where
∆σi := DiffΘσi (Θ
σ −Θσi ) and ∆i := DiffΘi(Θ−Θi), hence ⌊∆σi ⌋ = π−1(⌊∆i⌋) and
⌊Diff⌊∆σi ⌋ν (∆σi − ⌊∆σi ⌋)⌋ = πν−1⌊Diff⌊∆i⌋ν (∆i − ⌊∆i⌋)⌋,
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where πν : ⌊∆σi ⌋ν → ⌊∆i⌋ν is the induced morphism by π between the normalization of ⌊∆σi ⌋ and
⌊∆i⌋. Let π† : X† → Xσ be the index one cover of Xσ with respect to KXσ and f † : X† → D† be the
degeneration obtained by Stein factorization. Then putting Θ† := π†−1(Θσ), f † is also a projective
minimal semistable degeneration with KX† + Θ
† being Cartier. As in the same way as above,
letting Θ†i be an irreducible component of π
†−1(Θσi ) dominating Θ
σ
i , we have ⌊∆†i⌋ = π†−1(⌊∆σi ⌋)
and ⌊Diff⌊∆†i ⌋ν (∆
†
i − ⌊∆†i⌋)⌋ = π†ν−1⌊Diff⌊∆σi ⌋ν (∆σi − ⌊∆σi ⌋)⌋, where ∆†i := DiffΘ†i (Θ
† − Θ†i ) and π†ν :
⌊∆†i⌋ν → ⌊∆σi ⌋ν is the induced morphism by π† between the normalization of ⌊∆†i⌋ and ⌊∆σi ⌋. By
Lemma 3.4, if f † is of type I (resp. of type II, resp. of type III), then for any irreducible component
Θ†i of Θ
†, (Θ†i ,DiffΘ†i
(Θ† − Θ†i)) is of type I (resp. of type II, resp. of type III). Thus we infer the
first assertion. As for the last assertion, construct two projective minimal semistable degeneration,
fσj : X
σ
j → Dσ (j = 1, 2) as in Lemma 5.1 from fj : Xj → D (j = 1, 2) such that fσ1 and fσ2 are
bimeromorphically equivalent over Dσ. Since there exists a sequence of flops between fσ1 and fσ2 ( see
[36], Theorem 4.9 ), it is easily seen that fσ1 and f
σ
2 have the same type, so we get the last assertion.
Remark 5.1 From Proposition 5.1, for a projective log minimal degenerations of surfaces of Kodaira
dimension zero f : X → D, we can see that if f is of type I (resp. of type II, resp. of type III), then
for any irreducible component Θi of Θ, (Θi,DiffΘi(Θ − Θi)) is of type I (resp. of type II, resp. of
type III).
6 Non-semistable degenerations of abelian or hyperelliptic
surfaces
In this section we prove Theorem 1.2. Let f : X → D be a projective log minimal degeneration
of surfaces with Kodaira dimension zero. Take the log canonical cover π : X˜ → X with respect to
KX +Θ, where Θ := f
∗(0)red and let f˜ : X˜ → D˜ be the induced degeneration via Stein factorization.
For any irreducible component Θi of Θ, (X,Θi) is purely log terminal, hence so is (X˜, π
−1Θi).
Thus the irreducible decomposition π−1Θi =
∑
j Θ˜
i
j is disjoint, which implies that each component
of Θ˜ := f˜ ∗(0)red is Q-Cartier hence X˜ is Q-Gorenstein. By [76], Covering Theorem, we see that
(X˜, Θ˜) is divisorially log terminal. Thus we conclude that f˜ : X˜ → D˜ is a projective log minimal
degeneration of surfaces with Kodaira dimension zero with KX˜ + Θ˜ being Cartier. Let πi : Θ˜i → Θi
be the log canonical cover with respect to KΘi +∆i, where ∆i := DiffΘi(Θ−Θi).
Lemma 6.1 There exists an e´tale morphism Θ˜ij → Θ˜i.
Proof. Put ri := Min{n ∈N |n(KΘi +∆i) ∼ 0}. By Proposition 4.5, we infer that there exists an
open neighbourhood U of X containing Θi such that OU(ri(KU +Θ|U)) ∈ Tor Pic◦U . Let mi be the
order of OU(ri(KU +Θ|U)). For any connected component V of π−1U , π|V factors into π|V = β ◦ α,
where α : V → W is e´tale of degree mi and β : W → U is finite of degree ri. We note π|V also
factors into πi ◦ ω, where ω : π−1Θi → Θ˜i is finite. Since π|V is cyclic, we see that β−1Θi ≃ Θ˜i and
that ω is e´tale. Thus we get the assertion.
Assume that etop(Xt) = 0 for t ∈ D∗. From the first part of Corollary 1.1 and Lemma 6.1, we
obtain eorb(Θ˜i \ ∆˜i) = 0, where ∆˜i := π−1i ⌊∆i⌋. Let πp : (X˜, p˜)→ (X, p) be the log canonical cover
of the germ of X at p ∈ Θi \ ⌊∆i⌋ with respect to KX + Θi. The last part of Corollary 1.1 says
that (X˜, π−1p Θi) has only singularity of type V1(r; a,−a, 1) at p˜ ∈ X˜ , where (r, a) = 1. Thus by
the exact sequence (4.13) in the previous section, we have πloc1 (Reg (X, p)) ≃ πloc1,Θi,p[DiffΘi(0)]. So
when we want to calculate the local fundamental group πloc1 (Reg (X, p)), we only have to calculate
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πloc1,Θi,p[DiffΘi(0)]. We note that the proof of the first assertion of Theorem 1.2 is straightforward since
(X, p) has the universal Cartier cover π† : (X†, p†) → (X, p) with respect to KX + Θi such that
(X†, p†) is smooth ( see Proposition 4.3 ).
6.1 Case Type II
In this section, we prove Theorem 1.2 in the case of type II. From proposition 3.3, For p ∈ Θi \∆i,
possible πloc1,Θi,p[DiffΘi(0)] is calculated to be Z/nZ or Z/2Z ⊕ Z/nZ, where n = 2, 3, 4 or 6. In
applying the log minimal model program on f : X → D with respect to KX , we see that each
extremal contraction contracts a prime divisor to a curve and reducing to the surface case, that
contracting generic curve does not intersect Supp {DiffΘi(Θ−Θi)}. So the last assertion in the case
of type II follows from the following Lemma.
Lemma 6.2 Let X be a normal Q-Gorenstein 3-fold and S1, S2, E be mutually distinct Q-Cartier
prime divisors on X such that S1 ∩ S2 = ∅. Putting D := S1 + S2 + E, assume that (X,D) is
divisorially log terminal and that there exists an extremal contraction ϕ : X → X♮ to a normal 3-fold
X♮ such that Si is ϕ-ample for i = 1, 2 and the following (1), (2) and (3) hold.
(1) −KX is ϕ-ample,
(2) KX +D is numerically trivial over X
♮,
(3) E is contracted to a curve on X♮ and general fibres of the induced morphism ϕ : E → ϕ(E) does
not intersects Supp {DiffE(D − E)}.
Then (X♮, D♮) has only divisorially log terminal singularities, where D♮ := ϕ∗D.
Proof. Let F be any exceptional divisor in the function field of X♮ centered on X♮ whose log
discrepancy with respect to KX♮ + D
♮ is non-positive. If F = E, the conditions (1) and (3) imply
that X♮ is smooth and D♮ has simple normal crossings at the generic point of the center of F . If
F 6= E, log discrepancy at F with respect to KX +D is non-positive from the condition (2), hence
the support of F at X is a curve C contained in S1 ∩ E. If C is contracted to a point by ϕ, then
(S2, C) > 0 which contradicts the assumption S1 ∩ S2 = ∅. So X♮ is smooth and D♮ has simple
normal crossings at the generic point of the center of F also in this case. Thus we get the assertion
by [76], Divisorial Log Terminal Theorem.
6.2 Case Type III
The the results of Theorem 1.2 in the case of type III follows from the Propositions 3.4, 3.5, 3.6, 3.7,
3.8, 3.9 and the following lemma.
Lemma 6.3 Let (X, p) be a three dimensional Q-Gorenstein singularity and Γ be a prime divisor
on X passing through p ∈ X such that (X,Γ) is purely log terminal. Let π : (X˜, p˜) → (X, p) be the
log canonical cover with respect to KX + Γ and put Γ˜ := π
−1Γ. Assume that (Γ, p) ≃ (C2, 0) and
DiffΓ(0) = (1/2)div(z
2+wn) ( n ≥ 2 ), where (z, w) is a system of coordinate of Γ at p ∈ Γ and that
(X˜, Γ˜) has singularity of type V1(r; a,−a, 1) at p˜ ∈ X˜, where (r, a) = 1. Then we have n = 2.
Proof. It can be easily checked that (X†, p†) and (Γ†, p†) are both smooth and that πˆloc1,Γ,p[DiffΓ(0)] ≃
πˆloc1 (Reg X) ≃ G, where G is the dihedral group of the order 2n (see also [53]). Let G =< a, b; an =
1, b2 = 1, b−1ab = a−1 > be a presentation of G and ρΓ : G → U(2,C) be a corresponding represen-
tation with respect to (Γ,DiffΓ(0)) defined as follows.
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ρΓ(a) =
(
e2πi/n 0
0 e−2πi/n
)
, ρΓ(b) =
(
0 1
1 0
)
.
Let ρX : G → U(3,C) be a corresponding faithful representation with respect to (X, p). Since
Γ† ⊂ X† is invariant under the action of G through ρX , ρX is equivalent to ρΓ⊕χ for some character
χ : G → C×. Let K be the kernel of the character G → Aut OX†(KX† + Γ†)/mp†OX†(KX† + Γ†)
induced by ρX . Then we see that K = Ker det ρΓ. Since we have det ρΓ(a) = 1 and det ρΓ(b) = −1,
we have < a >⊂ K and b /∈ K. Noting that we have 2 = [G :< a >] = [G : K][K :< a >], we obtain
K =< a >. We also note that we have ord χ(a) = n since p˜ ∈ X˜ ≃ C3/K is isolated. On the other
hand, since we have χ(b−1ab) = χ(a−1), we get χ(a)2 = 1. Thus we conclude that n = 2.
The last assertion of the Theorem 1.2 in the case of type III follows from [62], Theorem 3.1.
7 Canonical bundle formulae
7.1 Review on Fujino-Mori’s canonical bundle formula
Let f : X → B be a morphism from a normal projective variety X with dimX = m + 1 onto a
smooth irreducible curve B defined over the complex number field. Assume thatX has only canonical
singularities and that a general fibre F of f is an irreducible variety with Kodaira dimension zero.
Let b be the smallest positive integer such that the b-th plurigenera of F is not zero. According to
[17], there exists a Q-divisor LX/B on B with non-negative degree such that there exists a OB-algebra
isomorphism
⊕i≥0OB(⌊iLX/B⌋) ≃ ⊕i≥0f∗OX(ibKX).
LX/B is well defined in the sense that LX/B is unique modulo linear equivalence
2. Mori also defined
a Q-divisor LssX/B on B as a “moduli contribution” to a canonical bundle formula as follows.
Proposition 7.1 ([17], Corollary 2.5) There exists a Q-divisor LssX/B(≤ LX/B) with degLssX/B ≥ 0
such that
(i) τ ∗LssX/B ≤ LX′/B′ for any finite surjective morphism τ : B′ → B from an irreducible smooth curve
B′, and that
(ii) τ ∗LssX/B = LX′/B′ at p
′ ∈ B′ if X ×B B′ has a semistable resolution over a neighbourhood of
p′ ∈ B′ or f ′∗(p′) has only canonical singularities,
where f ′ : X ′ → B′ is a fibration by taking a non-singular model of the second projection X ×B
B′ → B′.
Remark 7.1 Since LX/B and L
ss
X/B(≤ LX/B) depend only on the birational equivalence class of X
over B, we can define these Q-divisors even if the singularity of X is worse than canonical by passing
to a non-singular model.
Let π : F˜ → F be a proper surjective morphism from a smooth variety F˜ obtained by taking b-th
root of the unique element of |bKF | and desingularization. Put N(x) := L.C.M.{n ∈ N |ϕ(n) ≤ x},
where ϕ denotes the Euler’s function. Let Bm be the m-th Betti number of F˜ . The following theorem
says, coefficients appearing in canonical bundle formulae can be well controlled.
2Any two Q-divisors D1 and D2 on a variety are said to be linearly equivalent to each other if D1−D2 is a principal
divisor.
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Theorem 7.1 ([17], Proposition 2.8 and Theorem 3.1) (1) N(Bm)L
ss
X/B is a Weil divisor.
(2) Assume that NLssX/B is a Weil divisor. Then we have bKX = f
∗(bKB + L
ss
X/B +
∑
p∈B spp) + E,
where sp ∈ Q and E is an effective Q-divisor such that
(i) for each point p ∈ B, there exist positive integers up, vp such that 0 < vp ≤ bN and
sp =
bNup − vp
Nup
,
(ii) sp = 0 if f
∗(p) has only canonical singularity or if f : X → B has a semistable resolution
in a neighbourhood of p, and
(iii) f∗OX(⌊nE⌋) = OB for any n ∈N .
7.2 Canonical Bundle Formulae and Log Minimal Models
Lemma 7.1 Let f : X → B be a proper morphism from a normal variety X onto a smooth irreducible
projective curve B defined over the complex number field whose general fibre F of f is a normal variety
with only canonical singularity whose Kodaira dimension is zero. Let b be the smallest positive integer
such that the b-th plurigenera of F is not zero as in the previous section. Let Σ ⊂ B be a finite set
of points which consists of all the points p ∈ B, such that f ∗(p) is not a normal variety with only
canonical singularity. Assume that (X,Θ) is log canonical where Θ := (f ∗Σ)red. Then there exists
d ∈N , such that
f∗OX(n(KX +Θ)) = OB(n(KB + (1/b)LssX/B + Σ))
for any n ∈ dN .
Proof. Take a finite Galois cover τ : Bσ → B from a smooth projective curve Bσ such that
X ×B Bσ → Bσ has a semistable resolution gσ : Y σ → Bσ. Let π : Xσ → X be the normalization in
the function field of Y σ and let fσ : Xσ → Bσ be the induced fibration. Put Θσ := π−1Θ. Looking
at the formula to be proved, we may assume that τ is e´tale over B \ Supp Σ. Taking sufficiently
divisible n ∈N , we have
τ∗f
σ
∗OXσ(n(KXσ +Θσ)) = τ∗fσ∗ π∗OX(n(KX +Θ))
= f∗π∗π
∗OX(n(KX +Θ))
= f∗(OX(n(KX +Θ))⊗ π∗OXσ).
On the other hand, since Xσ \ Supp Θσ has only canonical singularity, Θσ is Cartier and (Xσ,Θσ)
is log canonical, we can duduce that Xσ has only canonical singularity. Therefore, we have
τ∗f
σ
∗OXσ(n(KXσ +Θσ)) = τ∗OBσ(n(KBσ + (1/b)LssXσ/Bσ + (τ ∗Σ)red))
= τ∗τ
∗OB(n(KB + (1/b)LssX/B + Σ))
= OB(n(KB + (1/b)LssX/B + Σ))⊗ τ∗OBσ
and hence
f∗(OX(n(KX +Θ))⊗ π∗OXσ) = OB(n(KB + (1/b)LssX/B + Σ))⊗ τ∗OBσ .
Taking the invariant part under the action of Gal (Bσ/B), we obtain
f∗OX(n(KX +Θ)) = OB(n(KB + (1/b)LssX/B + Σ)).
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Remark 7.2 Let f s : Xs → B be a strictly log minimal fibration ( or degeneration ) of surfaces with
Kodaira dimension zero projective over B as in Definition 1.1. SinceKXs is numerically trivial over B,
there exists a positive integer ℓp ∈N such that f s∗(p) = ℓpΘsp for any p ∈ B, where Θsp := f s∗(p)red.
Let µ : Y → Xs be a minimal model over Xs, that is, µ is a projective birational morphism from a
normal Q-factorial Y with only terminal singularity to Xs such that KY is µ-nef. By running the
minimal model program over B starting from the induced morphism g := f s ◦ µ : Y → B, we obtain
a minimal fibration h : Z → B and a dominating rational map λ : Y− → Z over B. Since Xs has
only log terminal singularity, there exists an effective Q-divisor ∆ with ⌊∆⌋ = 0 on Y such that
KY +∆ = µ
∗KXs.
Since KY + ∆, KZ + λ∗∆ and KZ are all numerically trivial over B, there exists a non-negative
rational number µp ∈ Q such that
λ∗∆p = µph
∗(p), (7.14)
where ∆p denotes the restriction of ∆ in a neighbourhood of the fibre over p ∈ B. When B is
complete, a canonical bundle formula can be calculated by using Lemma 7.1 as follows
KZ = h
∗(KB +
1
b
LssZ/B +
∑
p∈B
(
ℓp − 1
ℓp
− µp)p). (7.15)
Define sp ∈ Q by
sp := b(
ℓp − 1
ℓp
− µp).
We can check Mori’s estimate of sp in Theorem 7.1 as in the following way. Firstly, we note that we
may assume that there exists a prime µ-exceptional divisor over p ∈ B such that E ⊂ Supp ∆ and
λ∗E 6= 0, since otherwise, µp = 0 and hence sp = (ℓp − 1)/ℓp. Put
Ip := Min{n ∈N |n(KXs +Θsp) is Cartier in a neighbourhood of the fibre f s∗(p)}.
Since (Xs,Θs) is log canonical, we have
0 ≤ Ipal(E;Xs,Θsp) = Ip(a(E;Xs)−multEµ∗Θsp + 1) ∈ Z.
Thus if we put v′p := Ip(−a(E;Xs) + multEµ∗Θsp), we have v′p ∈N and 0 < v′p ≤ Ip. Put
u′p := ℓpmultEµ
∗Θsp = multEg
∗(p) ∈N .
Then we have µp = −a(E;Xs)/u′p and sp = b(Ipu′p− v′p)/Ipu′p. So the estimation of sp reduces to the
estimation of Ip in our case. By passing to a divisorially log terminal model of (X
s,Θs) and using
Proposition 4.5 and [78], Proof of Theorem 2.1, we get Ip|N(21).
Remark 7.3 We should note that ℓp ∈ N and µp ∈ Q depends on the choice of strictly log minimal
model. For example, consider a degeneration of elliptic curve whose singular fibre is of type mI1.
Obviously, the minimal model is a strictly log minimal model in this case and we obtain ℓp = m
and µp = 0. But blowing up the node of the singular fibre and blowing down the exceptional
divisor we obtain another strictly log minimal model. When we use this model, we get ℓp = 2m and
µp = 1/(2m).
To avoid this indeterminacy, we shall introduce the notion of moderate log canonical singularity.
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Definition 7.1 Let (X,∆) be a normal log variety and let ∆′ be a boundary on X such that ∆′ ≤ ∆.
Assume that (X,∆) is log canonical and that KX +∆
′ is Q-Cartier. (X,∆) is said to be moderately
log canonical with respect KX +∆
′ if for any exceptional prime divisor E of the function field of X
with al(E;X,∆) = 0, the inequality al(E;X,∆
′) > 1 holds.
Remark 7.4 If X is Q-Gorenstein and (X,∆) is divisorially log terminal, then (X,∆) is moderately
log canonical with respect to KX by [76], Divisorial Log Terminal Theorem. Thus it is easy to see
that for a strictly log minimal fibration (or degeneration) f s : Xs → B constructed in such a way as
explained in Remark 1.1, (Xs,Θs) is moderate with respect to KXs, where Θ
s :=
∑
p∈ΣΘ
s
p.
Lemma 7.2 Let f si : X
s
i → B (i = 1, 2) be two strictly log minimal fibration (or degeneration) of
surfaces with Kodaira dimension zero which are birationally equivalent to each other over B and let
l(i)p be a positive integer such that f
s∗
i (p) = ℓ
(i)
p Θ
s
i,p, where Θ
s
i,p := f
s∗
i (p)red for i = 1, 2. Assume that
(Xs1 ,Θ
s
1,p) is moderately log canonical with respect to KXs1 . Then ℓ
(1)
p ≤ ℓ(2)p . Moreover, if (Xs2 ,Θs2,p)
is also moderately log canonical with respect to KXs
2
, then f s1 : X
s
1 → B and f s2 : Xs2 → B are
isomorphic in codimension one to each other over a neighbourhood of p ∈ B and ℓ(1)p = ℓ(2)p .
Proof. Take a desingularization αi :W → Xsi of Xsi and let ω :W → B be the induced morphism.
Let G(i) be a αi-exceptional effective Q-divisor defined by G
(i) := KW +Θ
s
i,W − α∗i (KXsi +Θsi,p). We
note that G(1)−G(2) ∈ ω∗(Div(B)⊗Q) by their definitions. Since G(i) is effective and Supp G(i) does
not contain the support of the fibre ω∗(p) entirely for i = 1, 2, we have G(1) = G(2). If we assume
that any α1-exceptional divisor contained in a fibre ω
−1(p) is α2-exceptional, then we have ℓ
(1)
p = ℓ
(2)
p
obviously, so we may assume that there exists a α1-exceptional prime divisor E ⊂ ω−1(p) which is
not α2-exceptional. If we assume that al(E;X
s
1 ,Θ
s
i,p) > 0, then E ⊂ Supp G(1) = Supp G(2), which
is a contradiction. Thus we have al(E;X
s
1 ,Θ
s
i,p) = 0 and hence a(E;X
s
1) > 0 by the assumption.
Therefore we deduce that
ℓ(2)p = multEω
∗(p) = ℓ(1)p multEα
∗
1Θ
s
1,p = ℓ
(1)
p (a(E;X
s
1) + 1) > ℓ
(1)
p .
The last assertion also follows from the above argument.
Proposition 7.2 (c.f. [36], Theorem 4.9) Let f si : X
s
i → B (i = 1, 2) be two strictly log minimal
fibration (or degeneration) of surfaces with Kodaira dimension zero projective over B which are
birationally equivalent to each other over B. Assume that (Xsi ,Θ
s
i,p) is moderately log canonical with
respect to KXsi for i = 1, 2. Then f
s
1 : X
s
1 → B and f s2 : Xs2 → B are connected by a sequence of
log flops over a neighbourhood of p ∈ B, that is, there exist birational morphisms between normal
threefolds over a neighbourhood of p ∈ B which are isomorphic in codimension one:
Xs1 := X
(0) → Z(0) ← X(1) → Z(1) · · · ← X(n) =: Xs2 ,
where X(k) is Q-factorial for k = 0, 1, . . . n.
Proof. Take a relatively ample effective divisor H on Xs2 over B and let H
′ be the strict transform
of H on Xs1 . Applying the log minimal model program on X
s
1 over B with respect to KXs1 + εH
′,
where ε is sufficiently small positive rational number, we may assume at first that H ′ is f s1 -nef since
contraction morphisms appearing in the log minimal model program do not contract divisors. By
the Base Point Free Theorem ([54]), some multiple of H ′ defines a birational morphism γ : Xs1 → Xs2
over B which is isomorphic in codimension one. Since Xs1 and X
s
1 are both Q-factorial, γ is an
isomorphism and thus we get the assertion.
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Definition 7.2 Let f s : Xs → B be a strictly log minimal fibration (or degeneration) of surfaces
with Kodaira dimension zero projective over B such that (Xs,Θsp) is moderately log canonical with
respect to KXs and let ℓp ∈N and µp ∈ Q be as defined in Remark 7.2. We define ℓ∗p ∈N , µ∗p ∈ Q
and s∗p ∈ Q as ℓ∗p := ℓp, µ∗p := µp and
s∗p := b(
ℓ∗p − 1
ℓ∗p
− µ∗p).
Proposition 7.2 give the following:
Corollary 7.1 ℓ∗p ∈N and µ∗p ∈ Q are birational (or bimeromorphic) invariants of germs of singular
fibres over p ∈ B and hence so is s∗p.
Example 7.1 For degenerations of elliptic curves, one can define invariants ℓ∗p, µ
∗
p and s
∗
pin the same
way and it can be checked that ℓ∗p coincides with the multiplicty if the singular fibre is of type mIb or
otherwise, with the order of the semisimple part of the monodromy group around the singular fibre.
We can also obtain the following well known table:
Table V
mIb I
∗
b II II
∗ III III∗ IV IV∗
ℓ∗p m 2 6 6 4 4 3 3
µ∗p 0 0 2/3 0 1/2 0 1/3 0
s∗p (m-1)/m 1/2 1/6 5/6 1/4 3/4 1/3 2/3
Here we are using the Kodaira’s notation ([35]). See also [19].
Lemma 7.3 s∗p = 0 if and only if ℓ
∗
p = 1.
Proof. Firstly, assume that ℓ∗p = 1, then we have obviously s
∗
p = 0 since s
∗
p ≥ 0 and µ∗p ≥ 0. Sec-
ondarily, assume that s∗p = 0. Let f
s : Xs → B be a strictly log minimal fibration (or degeneration)
of surfaces with Kodaira dimension zero projective over B such that (Xs,Θsp) is moderately log
canonical with respect to KXs. We may assume that the singularity of X
s is worse than canonical
and let µ : Y → Xs and E be as in Remark 7.2. Then from the assumption, we have
s∗p = b(
ℓ∗p − 1
ℓ∗p
+
a(E;Xs)
l∗pmultEµ
∗Θsp
) = 0,
hence a(E;Xs,Θ∗p) = 1 − l∗pmultEµ∗Θsp. Since a(E;Xs,Θ∗p) ≥ 0 and l∗pmultEµ∗Θsp ∈ N , we have
a(E;Xs,Θ∗p) = 0. From the definition of moderately log canonical singularity, we have a(E;X
s) > 0
and hence µ∗p < 0, which is a contradiction.
Lemma 7.4 Let f s : Xs → B be a strictly log minimal fibration (or degeneration) of surfaces
with Kodaira dimension zero projective over B. Then µp = 0 if and only if X
s has only canonical
singularity over a neighbourhood of p ∈ B.
Proof. We shall use notation in Remark 7.2. Assume that µp = 0 and that singularity of X
s is
worse than canonical over a neighbourhood of p ∈ B. Let W be a resolution of the graph of λ
and let α : W → Y and β : W → Z be projections. Since β∗∆W = λ∗∆ = 0 over p ∈ B, we
have KW + ∆
W = α∗(KY + ∆) = β
∗KZ over p ∈ B. Since Z has only terminal singularity by its
construction, we obtain −∆W ≥ 0, which is absurd.
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Lemma 7.5 Let f s : Xs → D be a strictly log minimal degeneration of surfaces with Kodaira
dimension zero projective over a unit complex disk D with the origin p := 0 ∈ D and let π : D˜ → D
be a cyclic covering from another unit disk D˜ with the order ℓp which is e´tale over D∗ := D \ {p}.
Let f˜ : X˜ → D˜ be a relatively minimal degeneration which is bimeromorphic to Xs ×D D˜ → D˜ over
D˜. Then f˜ ∗(p˜) is reduced and (X˜, f˜ ∗(p˜)) is log canonical and in particular s∗p˜ = 0, where p˜ := 0 ∈ D˜.
Proof. Let X˜ ′ be a Q-factorization of (Xs ×D D˜)ν (see [29], §6, page 120). Then, as in the same
way as in the proof of Lemma 5.1, we see that the induced degeneration f˜ ′ : X˜ ′ → D˜ is strictly
log minimal, projective over D˜ and that f ′(p˜) is reduced, which imply that X˜ ′ has only canonical
singularity. Let X˜ be a minimal model over X˜ ′, then the induced degeneration f˜ : X˜ → D˜ turns
out to be a minimal degeneration projective over D˜ and it is easily seen that f˜ ∗(p˜) is reduced and
(X˜, f˜ ∗(p˜)) is log canonical . Since minimal models are unique up to flops, we get the first assertion.
As for the last assertion, we only have to check that (X˜, f˜ ∗(p˜)) is moderately log canonical with
respect to KX˜ , but which is trivial.
The degree of the moduli contribution to a canonical bundle formula can be calculated in a certain
condition.
Proposition 7.3 Let f : X → B be a proper surjective morphism from a normal algebraic three-
folds X with only canonical singularity onto a smooth projective curve B whose general fibre is a
surface with Kodaira dimension zero. Assume that s∗p = 0 for any p ∈ B. Then degLssX/B =
deg f∗OX(bKX/B).
Proof. Let f s : Xs → B be a strictly log minimal model of f such that (Xs,Θsp) is moderately log
canonical with respect to KXs for any p ∈ B. By Lemma 7.3, we have ℓ∗p = 1 and hence µ∗p = 0 for
any p ∈ B, from which we infer that f s∗(p) is reduced and that Xs has only canonical singularity
by Lemma 7.4. By the argument in [49], proof of Definition-Theorem (1.11), there exists a Cartier
divisor δ ∈ DivB such that bKXs/B ∼ f s∗δ. Thus we have
f∗OX(bKX/B) = f s∗OXs(bKXs/B) ≃ OB(δ).
On the other hand, since bKXs/B ∼Q f s∗LssXs/B, we have deg δ = degLssXs/B = degLssX/B. Thus we
get the assertion.
Lemma 7.6 Let f : X → B be a proper surjective morphism from a normal algebraic threefolds
X onto a smooth projective curve B whose general fibre is a surface with Kodaira dimension zero.
Assume that B ≃ P 1. Then there exists a Kummer covering π : B′ → B from a smooth projective
curve B′ with Gal (B′/B) ≃ ⊕p∈BZ/ℓ∗pZ such that s∗p′ = 0 for any p′ ∈ B′ for the second projection
p2 : (X ×B B′)ν → B′
Proof. The assertion follows from Lemma 7.5 using the argument in [57], §4, page 112.
Definition 7.3 Let f : X → B be a proper surjective morphism from a normal algebraic threefolds
X onto B ≃ P 1 whose general fibre is a surface with Kodaira dimension zero. Let Cf be the set of
all the pair (B′, π) which consists of a smooth projective curve B′ and a finite surjective morphism
π : B′ → B such that s∗p′ = 0 for any p′ ∈ B′ for the second projection p2 : (X ×B B′)ν → B′. For f ,
we define a positive integer d(f) ∈N as d(f) := Min{deg π|(B′, π) ∈ Cf}.
Definition 7.4 Let CY3B be the set of all the triple (X, f, B) where X is a normal projective threefold
X with only canonical singularity whose canonical divisor KX is numerically trivial and f : X → B
is a projective connected morphism onto B ≃ P 1.
60
The following conjecture is important for the bounding problem of Calabi-Yau threefolds.
Conjecture 7.1 There exists d ∈N such that d(f) ≤ d for any (X, f, B) ∈ CY3B.
By Lemma 7.6, Conjecture 7.1 reduces to the following:
Conjecture 7.2 There exists ℓ ∈N such that ∏p∈B ℓ∗p ≤ ℓ for all (X, f, B) ∈ CY3B.
The following proposition is an important step toward Conjecture 7.2, which can be deduced from
Theorem 7.1.
Proposition 7.4 There exists a finite subset S ⊂ Q and a positive integer ν such that for all
(X, f, B) ∈ CY3B, {s∗p|p ∈ B} ⊂ S and Card {p ∈ B|s∗p > 0} ≤ ν.
By Proposition 7.4, Conjecture 7.2 reduces to the following conjecture on degenerations:
Conjecture 7.3 Put c∗p := µ
∗
pℓ
∗
p. There exists a finite subset C ⊂ Q such that for any degeneration
of algebraic surfaces with Kodaira dimension zero over a one-dimensional complex disk, c∗p ∈ C.
Remark 7.5 As we have seen in Example 7.1, for any degenerations of elliptic curves, we have
c∗p ∈ {0, 1, 2, 4}. One can state the analogue of conjecture 7.3 in higher dimensional cases using
the conjectural higher dimensional Log Minimal Model Program. In this case, the problem involves
another problem such as the boundedness of varieties with Kodaira dimension zero.
7.3 Abelian Fibred Case
In this section, we prove the following theorem and apply this to Conjecture 7.1 in abelian fibred
cases.
Theorem 7.2 For any degeneration of abelian surfaces over a one-dimensional complex disk, all the
possible values of the invariant µ∗p for the singular fibres can be listed in Table VI and VII except the
case µ∗p = 0. In particular,we have
c∗p ∈ {0, 1/5, 1/4, 1/3, 2/5, 1/2, 2/3, 1, 3/2, 2, 3, 4, 5, 6}.
Definition 7.5 Let CY3
B,ab be the set of all the triple (X, f, B) where X is a normal projective
threefold X with only canonical singularity whose canonical divisor KX is numerically trivial and
f : X → B is a projective connected morphism onto B ≃ P 1 whose geometric generic fibre is an
abelian surface.
By Theorem 7.2, we can give a positive answer to Conjecture 7.1 using the argument in the
previous section.
Corollary 7.2 There exists d ∈N such that d(f) ≤ d for any (X, f, B) ∈ CY3
B,ab.
For the proof of Theorem 7.2, we need the following:
Lemma 7.7 Let f : X → D be a log minimal Type II degeneration of abelian surfaces. Then local
fundamental groups of X at any point in X is cyclic. The same holds also for a strictly log minimal
model f s : Xs → D obtained by applying the log minimal model program on f with respect to KX .
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Proof. We use notation in Lemma 5.1. Since Xσ is smooth and the support of the singular fibre fσ
has only normal crossing singularity with all of the components being relatively elliptic ruled surfaces,
Galois group G := Gal (Dσ/D) acts biregulary on Xσ and π : Xσ → X factors into π = π1 ◦ π2
where π1 : X
σ/G→ X is a bimeromorphic morphism and π2 : Xσ → Xσ/G is the quotient map. Let
{Ej|j ∈ J} be the set of all the π1-exceptional divisors. Since both of Xσ/G and X are Q-factorial,
we have Exc π1 = ∪j∈JEj, hence π1 induces an isomorphism Xσ/G\∪j∈JEj → X \∪j∈JCenterX(Ej).
So we only have to check that CenterX(Ej) is contained in a double curve of Θ for any j ∈ J but which
is immediate by [76], Divisorial Log Terminal Theorem, since we have al(Ej ;X,Θ) = 0 obviously.
Thus we get the assertion.
Proof of Theorem 7.2. If there exists a strictly log minimal model f s : Xs → D of the degeneration
to be considered such that (Xs,Θs) is moderately log canonical with respect to KXs and that X
s
has only canonical singularity, then we have µ∗p = 0 by its definition and there is nothing we have
to prove. In particular, we do not have to care about the Type III degeneration by Theorem 1.2.
Consider a strictly log minimal model f s : Xs → D obtained by applying the log minimal model
program on a type I or II log minimal degeneration f : X → D with respect to KX . Assume that
there exists a point x ∈ Xs such that (Xs, x) is not canonical. By Theorem 1.2, Lemma 7.7 and
[57], Proposition 3.6 and 3.8,types of singularity of (Xs,Θs) at x ∈ Xs are of type V1(r; a0, a1, a2)
with r = 3, 4, 5, 6, 8, 10, 12 or V2(r; a0, a1, a2) with r = 3, 4, 6. In what follows, we use notation in
Remark 7.2. By [64], §4, E corresponds to some primitive vector (1/r)(ka0, ka1, ka2) and we have
a(E;Xs) = (1/r)(ka0 + ka1 + ka2)− 1, multEµ∗Θs = (1/r)ka2,
hence
µ∗p =
r − (ka0 + ka1 + ka2)
ℓ∗pka2
in the case V1(r; a0, a1, a2). In the same way, we obtain
µ∗p =
r − (ka0 + ka1 + ka2)
ℓ∗p(ka0 + ka1)
in the case V2(r; a0, a1, a2). Determination of possible primitive vectors in the case V1(r; a0, a1, a2)
with r = 5, 8, 10, 12 was essentially done in [57], since degenerations in these cases are Type I in
our terminology which coincides “moderate” in Oguiso’s terminology. When we determine possible
primitive vectors in other cases, we only have to note that
∑2
i=0 kai < r which is obvious restriction
from the assumption and that (r, ka2) = 1 since Sing X
s ⊂ Θs in the case V1(r; a0, a1, a2) and Xs is
smooth at the generic point of double curves in the case V2(r; a0, a1, a2).
Remark 7.6 Theorem 7.2 implies the inequality sp ≥ 1/6 holds for any degeneration of abelian
surfaces which has been obtained in the case of Type I degenerations by Oguiso ([57], Main Theorem).
Table VI, Case V1(r; a0, a1, a2)
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primitive vectors µ∗p s
∗
p divisibility of ℓ
∗
p
(1) (1/3)(1,0,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 3|ℓ∗p
(2) (1/4)(1,1,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 4|ℓ∗p
(3) (1/4)(0,1,1) 2/ℓ∗p (ℓ
∗
p − 3)/ℓ∗p 4|ℓ∗p
(4) (1/5)(1,2,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 5|ℓ∗p
(5) (1/6)(3,1,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 6|ℓ∗p
(6) (1/6)(2,1,1) 2/ℓ∗p (ℓ
∗
p − 3)/ℓ∗p 6|ℓ∗p
(7) (1/6)(1,1,1) 3/ℓ∗p (ℓ
∗
p − 4)/ℓ∗p 6|ℓ∗p
(8) (1/6)(1,0,1) 4/ℓ∗p (ℓ
∗
p − 5)/ℓ∗p 6|ℓ∗p
(9) (1/8)(5,1,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 8|ℓ∗p
(10) (1/8)(3,1,1) 3/ℓ∗p (ℓ
∗
p − 4)/ℓ∗p 8|ℓ∗p
(11) (1/8)(3,1,3) 1/(3ℓ∗p) (3ℓ
∗
p − 4)/(3ℓ∗p) 8|ℓ∗p
(12) (1/10)(7,1,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 10|ℓ∗p
(13) (1/10)(3,1,1) 5/ℓ∗p (ℓ
∗
p − 6)/ℓ∗p 10|ℓ∗p
(14) (1/10)(3,1,3) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 10|ℓ∗p
(15) (1/12)(7,1,1) 3/ℓ∗p (ℓ
∗
p − 4)/ℓ∗p 12|ℓ∗p
(16) (1/12)(4,3,1) 4/ℓ∗p (ℓ
∗
p − 5)/ℓ∗p 12|ℓ∗p
(17) (1/12)(5,1,1) 5/ℓ∗p (ℓ
∗
p − 6)/ℓ∗p 12|ℓ∗p
(18) (1/12)(3,2,1) 6/ℓ∗p (ℓ
∗
p − 7)/ℓ∗p 12|ℓ∗p
(19) (1/12)(5,1,5) 1/(5ℓ∗p) (5ℓ
∗
p − 6)/(5ℓ∗p) 12|ℓ∗p
(20) (1/12)(3,2,5) 2/(5ℓ∗p) (5ℓ
∗
p − 7)/(5ℓ∗p) 12|ℓ∗p
Table VII, Case V2(r; a0, a1, a2)
primitive vectors µ∗p s
∗
p divisibility of ℓ
∗
p
(21) (1/3)(1,0,1) 1/ℓ∗p (ℓ
∗
p − 2)/ℓ∗p 3|ℓ∗p
(22) (1/4)(1,0,1) 2/ℓ∗p (ℓ
∗
p − 3)/ℓ∗p 4|ℓ∗p
(23) (1/4)(1,1,1) 1/(2ℓ∗p) (2ℓ
∗
p − 3)/(2ℓ∗p) 2|ℓ∗p
(24) (1/6)(1,0,1) 4/ℓ∗p (ℓ
∗
p − 5)/ℓ∗p 6|ℓ∗p
(25) (1/6)(1,1,1) 3/(2ℓ∗p) (2ℓ
∗
p − 5)/(2ℓ∗p) 3|ℓ∗p
(26) (1/6)(1,2,1) 2/(3ℓ∗p) (3ℓ
∗
p − 5)/(3ℓ∗p) 2|ℓ∗p
(27) (1/6)(1,3,1) 1/(4ℓ∗p) (4ℓ
∗
p − 5)/(4ℓ∗p) 3|ℓ∗p
8 Bounding the number of singular fibres of Abelian Fibered
Calabi Yau threefolds
Let B be a smooth projective irreducible curve defined over the complex number field and let K
denote the rational function field of B.
Definition 8.1 We define the loci of singular fibres Σf , Σϕ as follows.
(1) Let f : X → B is a projective connected morphism from a normal Q-factorial projective
variety X with only canonical singularity onto a B. We define the subset of closed points of
B, Σf by
Σf := {p ∈ B| f is not smooth over a neighbourhood of p }.
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(2) Let AK be an abelian variety over K, and let ϕ : A→ B be the Ne´ron model of AK . We define
the subset of closed points of B, Σϕ by
Σϕ := {p ∈ B| AK does not have good reduction at p }.
Remark 8.1 Consider two morphisms fi : Xi → B (i = 1, 2) as in Definition 8.1, (1), such that
dimXi = 3 and the that the geometric generic fiber of fi is an abelian variety for i = 1, 2. Assume
that KXi is fi-nef for i = 1, 2 and that X1 is birationally equivalent to X2 over B. Then we see
that Σf1 = Σf2 and hence Card Σ1 = Card Σ2, for, as is well known, birationally equivalent minimal
models are connected by a sequence of flops while abelian varieties do not contain rational curves.
Moreover, both of the defintions of (1) and (2) are compatible in the case dimAK = 2, that is, for a
birational model f : X → B of AK such as in Definition 8.1, (1), Σf coincides with Σϕ.
The aim of this section is to prove the following theorem which gives a positive answer to Oguiso’s
question communicated to the author; Are the numbers of singular fibres of abelian fibered Calabi
Yau threefolds are bounded?
Theorem 8.1 There exists s ∈N , such that for any triple (X, f, B) ∈ CY3
B,ab,
sf := Card Σf ≤ s.
Let f : X → B be a projective connected morphism from a normal Q-factorial projective variety
X with only canonical singularity onto B. Put B◦ := B \Σf and let f◦ : X◦ → B◦ be the restriction
of f to X◦ := f
−1(B◦). According to the theory of relative Picard schemes and relative Albanese
maps due to Grothendiek (see [23] and see also [16] working on the analytic category), there exists
the relative Picard schemes Pic (X◦/B◦) → B◦ representing the Picard functor whose connected
component containing the unit section, denoted by Pic◦(X◦/B◦)→ B◦, is a projective abelian scheme.
Moreover, there exists a morphism α : X◦ → Alb1(X◦/B◦) over B◦ where Alb1(X◦/B◦) is B◦-torsor
under the dual projective abelian scheme of Pic◦(X◦/B◦) denoted by Alb
0(X◦/B◦) satisfying the
universal mapping property. α is called the relative Albanese map associated with f . If we assume
that the geometric generic fibre of f is an abelian variety, then α is an isomorphism over B◦ by the
universal mapping property.
Definition 8.2 Let Xη be the generic fibre of f . The Ne´ron Model ϕ : A → B of Alb0(Xη) is an
extension of the abelian scheme ϕ◦ : Alb
0(X◦/B◦) → B◦. We call ϕ, the Albanese group scheme
associated with f .
Corollary 8.1 There exists s ∈N , such that for any triple (X, f, B) ∈ CY3
B,ab,
sϕ := Card Σϕ ≤ s,
where ϕ : A → B is the Albanese group scheme associated with f .
Proof. Since A×B B◦ ≃ Alb0(X◦/B◦), we have Σϕ ⊂ Σf and hence sϕ ≤ sf . Thus the assertion
follows immediately from Theorem 8.1.
The following Lemma can be deduced immediately from the property of torsors.
Lemma 8.1 Let f : X → B be a projective connected morphism from a normalQ-factorial projective
variety X with only canonical singularity onto B whose geometric generic fiber is an abelian variety
and let ϕ : A → B be the Albanese group scheme associated to f .
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(i) we have LssX/B ∼Q LssA/B and
(ii) moreover, if we assume that dimX = 3 and that f : X → B admits an analytic local section
in a neighbourhood of any closed points p ∈ B, then we have Σf = Σϕ and s∗p(f) = s∗p(ϕ),
where s∗p(f) and s
∗
p(ϕ) are the analytic local bimeromorphic invariants s
∗
p of the fibres of f and
ϕ over p ∈ B defined in Lemma 7.3 respectively. In particular, the Kodaira dimensions of X
and A are the same.
By Corollary 7.2, there exists d ∈N such that d(f) ≤ d for any (X, f, B) ∈ CY3
B,ab and in what
follows, we fix such d ∈N . Firstly, take any (X, f, B) ∈ CY3
B,ab. Then there exists a finite surjective
morphism τ : B′ → B from a projective smooth irreducible curve B′ with deg τ ≤ d which is e´tale
over any closed points p ∈ B with s∗p(f) = 0 and p 6= p◦, where p◦ is a certain closed point of B
which is not contained in Σf , such that s
∗
p′(f
′) = 0 for any closed points p′ ∈ B′, where f ′ : X ′ → B′
is a minimal model of p2 : (X ×B B′)ν → B′. Since the number of closed points of B with s∗p(f) > 0
is bounded by Proposition 7.4, we only have to bound sf ′ := Card Σf ′ to prove Theorem 8.1. Let
X ′η′ be the generic fibre of f
′ over the generic point η′ of B′ and let ϕ′ : A′ → B′ be the Ne´ron model
of Alb0(X ′η′). Since ℓ
∗
p′(f
′) = 1 for any closed points p′ ∈ B′ by Lemma 7.3, f ′ : X ′ → B′ admits
an analytic local section in a neighbourhood of any closed points p′ ∈ B′, so we only have to bound
sϕ′ := Card Σϕ′ by Lemma 8.1. From Proposition 7.3, we see that
deg e′∗ det Ω1A′/B′ = degL
ss
A′/B′ = degL
ss
X′/B′ = (deg τ)(degL
ss
X/B) ≤ 2d,
where e′ : B′ → A′ is the unit section of ϕ′.
Lemma 8.2 ϕ′ : A′ → B′ has semi-abelian reduction at all closed points p′ ∈ B′.
Proof. From Proposition 7.3, we see that, for Alb0(X ′η′), the stable height equals to the differential
height, hence by [47], Ch.X, proposition 2.5 (ii), we get the result.
Let K ′ be the rational function field of B′. Define an abelian variety Z ′ over K ′, by
Z ′ := (Alb0(X ′η′)×K ′ Alb0(X ′η′)t)4,
where t denotes its dual. Let ζ ′ : Z ′ → B′ be the Ne´ron model of Z ′.
Lemma 8.3 Put B′◦ := B
′ \Σϕ′ and let ζ ′◦ : Z ′◦ → B′◦ denote the restriction of ζ ′ to ζ ′−1(B′◦). Then,
(i) Σζ′ = Σϕ′ and ζ
′
◦ : Z ′◦ → B′◦ is a principally polarized abelian scheme.
(ii) ζ ′ : Z ′ → B′ has semi-abelian reduction at all closed points p′ ∈ B′ and
(iii) deg ζ ′∗ det Ω
1
Z′/B′ = 8deg e
′∗ det Ω1A′/B′ ≤ 16d
Proof. Since ϕ′◦ : Alb
0(X ′◦/B
′
◦) → B′◦ is a projective abelian scheme, there exists a polarization
λ′◦ : Alb
0(X ′◦/B
′
◦) → Alb0(X ′◦/B′◦)t which is an isogeny over B′◦. Let ϕ′t : A′t → B′ be the Ne´ron
Model of Alb0(X ′η′)
t. Then λ′◦ extends to an isogeny λ
′ : A′ → A′t over B′, hence we have Σϕ′ = Σϕ′t
and A′t → B′ also has semi-abelian reduction at all closed points p′ ∈ B′ (see [4], §7.3, Proposition 6,
Corollary 7 ). Therefore, using [4], §7.4 Proposition 3, we conclude that Z ′◦ = (A′◦ ×B′ A′t◦)4 → B′
is a semi-abelian sheme and Σζ′ = Σϕ′ , where Z ′◦, A′◦ and A′t◦ denotes connected components of
Z ′, A′ and A′t containing their unit respectively. It is well known that ζ ′◦ : Z ′◦ → B′◦ has a principal
polarization and that we have the equality deg ζ ′∗ det Ω
1
Z′/B′ = 8deg e
′∗ det Ω1A′/B′ (see [13], Ch I, §5,
Lemma 5.5, [47], Ch IX and [83]).
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Let Hg, Sp(2g,Z) and Γg,n be the Siegel’s upper half-plane, integral symplectic group of degree 2g
and the congruence subgroup of level n of Sp(2g,Z) respectively as usual. For n ≥ 3, Ag,n := Hg/Γg,n
is known to be smooth quasi projective scheme over the complex number field C. According to [12],
there exists a normal projective variety A∗g,n over C which contains Ag,n as a open subsheme and
an ample invertible ωA∗g,n such that for any g-dimensional principally polarized abelian variety AK
defined over K with a level n structure, the period map φ : B◦ := B \ Σϕ → Ag,n associated with
ϕ◦ : A◦ := ϕ−1(B◦) → B◦ extends to a morphism φ : B → A∗g,n which gives an isomorphism
e∗ det Ω1A/B ≃ φ∗ωA∗g,n , where ϕ : A → B is the Ne´ron Model of AK and e is its unit section. Take
a natural number N = N(g, n) ∈ N depending only on g and n such that ω⊗NA∗g,n is very ample. We
may assume that there exists an effective divisor H on A∗g,n such that OA∗g,n(H) ≃ ω⊗NA∗g,n and that
A∗g,n \Ag,n ⊂ Supp H. Take any g-dimensional principally polarized abelian variety AK defined over
K with a level n structure. Under the assumption that n ≥ 3, its Ne´ron Model ϕ : A → B is known
to have semi-abelian reduction at any closed points of B so we have
Σϕ ⊂ φ−1(A∗g,n \ Ag,n) ⊂ φ−1(Supp H)
and hence,
sϕ := Card Σϕ ≤ deg φ∗H = N(g, n) degφ∗ωA∗g,n = N(g, n) deg e∗ det Ω1A/B . (8.16)
If g-dimensional principally polarized abelian variety AK does not have a level n structure, there
exists an finite extension K ′ of K with [K ′ : K] ≤ Card Sp(2g,Z/nZ) such that AK ′ := AK ×K K ′
has a level n-structure. Let τ : B′ → B be the finite surjective morphism from the smooth projective
model B′ of K ′ and let ϕ′ : A′ → B′ be the Ne´ron Model of AK ′. If we assume that ϕ : A → B
has semi-abelian reduction at any closed points of B, then we have A′ = A ×B B′ and hence,
Σϕ′ = τ
−1(Σϕ). Thus, by (8.16), we have
sϕ ≤ sϕ′ ≤ N(g, n) deg e′∗ det Ω1A′/B′ (8.17)
= N(g, n) deg τ deg e∗ det Ω1A/B (8.18)
= N(g, n) Card Sp(2g,Z/nZ) deg e∗ det Ω1A/B . (8.19)
Proof of Theorem 8.1. As we preiviously remarked, we only have to bound sϕ′ . From Lemma 8.3,
we have
sϕ′ = sζ′ (8.20)
≤ N(16, 3) Card Sp(32,Z/3Z) deg ζ ′∗ det Ω1Z′/B′ (8.21)
≤ 16dN(16, 3) Card Sp(32,Z/3Z). (8.22)
Thus we get the assertion.
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